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This supplement contains details of several extensions of the model and additional simula-
tion and empirical results. Section S.1 presents the algorithm for models with time invariant
group memberships. Sections S.2 and S.3 provide the algorithms and theoretical discussions
on models with fixed effects using two different approaches, the former using first difference
and the latter using within transformation. Section S.4 provides detailed discussions on mod-
els with multiple breaks. Section S.5 contains extra simulation studies, Section S.6 discusses

computation time, and Section S.7 provides additional empirical results.

S.1 Time invariant group memberships: Estimation algorithm

To select between the specifications of time-varying and time-invariant group structures, a

model with time-invariant group memberships needs to be estimated. Recall that the esti-

mator is
o k=1 N T N
(k,%,8) =  argmin (ir — 25uB5.8)° + D > (Wit — w3uBa,.)° |
keK7eGN ,BeB |17 =1 =k i=1
where g, is the estimator of the time-invariant group membership of unit i, and 5 = (f]l, e ,éN)
is the estimator of ¥ = (g1,...,9n) € GV. /2 and é are the associated estimators of k and

B, respectively, under the restriction of time-invariant group memberships. We modify Algo-

rithm 1 in the main text to compute the estimator.
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Algorithm S.1. (Time-invariant group memberships)

Let s denote the iteration number.
Step 1: Set s = 0. For each k € {2,...,T}, initialize the group structure as ’y(o).

Step 2: For given 3%) and k, estimate the slope coefficient B®) in the two regimes by

k—1 N T N
) = argmin [Z > (i — x;t6553)73)2 + 0> (i — xétﬂgzgs),A)zl :

BEB i1 =1 t=k i—1

Step 3: Given B), find the optimal group for unit i by

k—1

~ 1 :

g = argmin [Z(yn “+ Z it = 20B50) ]
t=1

eGN

Step 4: Iterate Steps 2 and 3 until numerical convergence, to obtain 'Zy(k:) and B(k:)
Step 5: Let k vary from 2 to T, and estimate the break point by

. k—1 N T N
k = argmin [Z Z(yit — x;t )2+ Z Z Yit — Ty )7A(k))2] .

keK =1 =1 t=k i=1
S.2 Models with fixed effects: first difference approach

This section provides theoretical results and proofs for models with fixed effects using the first
difference approach. We first briefly review the discussion in the main text. An algorithm to
compute our estimator tailored for fixed effects models is then presented. Lastly, we provide

asymptotic results and their proofs.

S.2.1 Model and estimation method

We present the model again for the ease of reference. Suppose that we have panel data
(Yit, i) for i =1,...,N and t = 0,...,T. Our model is

/
Yit = T3 Bgir t T G + Ust,

where «; is the fixed effect for unit 7, u;; is an error term and Sy, ; is the coefficient which
depends on time period ¢t and the group membership of ¢ at time ¢. A structural break
occurs at time k?. The structural break possibly changes both the values of the coefficients

and the group structure. Before the break, each unit belongs to one of the elements of



GB = {1,...,GB}. After the break the set of groups becomes G4 = {1,...,G4}. The

coefficient vector has the form:

/Bgi(B),B if t < kO

Bucpa =K

Bgit»t =

where g;(B) € GP stands for unit i’s group membership before the break and g;(4) € G4
stands for unit i’s group membership after the break.
The estimation method consists of two steps. First, we take the first difference to eliminate

the fixed effects. The transformed variables satisfy:

Ayit =T Bg, 1 — Tiy—1Bgi s 141 + Ay
Az By.(B),B + Aui if t < kO

By, (4.4 = Ty 1By, T Auig it =EC,

Awétﬁgi(A),A + Auy ift > kY

where A is the first difference operator (for example, Ay;; = yis —yi1—1). Second, we estimate
the coefficients, group membership structure, and the break date by minimizing the quadratic
loss function defined in terms of first differenced variables. Let 8 be a vector stacking 3, p for
g € GB and Bg,a for g € GA. The parameter space for 3 is B which is a subset of RP(GZ+GY)
Let I' = (G® x (GA)N be the parameter space for group memberships. We denote an element
of I' as v, and vg = (g1(B),...,gn(B)) denotes the group membership vector before the
break and y4 = (g1(A),...,gn(A)) is the vector after the break. Let K = {2,...,T} be the
parameter space for the break date k. We estimate (k,~, ) by minimizing the least squares

criterion:

k—1 N
(ka ¥ B) = argmin |:Z Z(Ayzt - Ax;tﬁgi(B),B)2

keK,yeT,3eB

=1 iz1
N
+ Z(Ayik — @B (a),4 + i 1B (B).B)
i1
TN
+ Z (Ayit — Az By, (a),4)° |-
t=k+1 1=1

To solve this objective function, we propose the following algorithm.



Algorithm

Let s denote the iteration number.

Step 1: Set s = 1. For a given k € {2,...,T — 1}, initialize group structures in both

regimes as 'yg)) and 7510)_

Step 2: For given 4(*) and k, estimate the slope coefficient 3(®) in the two regimes by

k=1 N
B = argmin {Z Z(Ayit - A.T{itﬁgf)(B),B)Q

peB L4 i

_l’_

N 1=

2
(Ayir — x;kﬁggs)(A),A + xé,kqﬁggs)(B)’B)
1
N
2
+ : (Ayzt - Al‘;tﬁggs)(A)yA)
t=k+1 i=1

+

Step 3: Given ), find the optimal group for individual ¢ in each regime, respectively,
by

—_

k-1 N
7(s+1) = argnrlin [ Z Z(Ayit - Aw;tﬁéng),B)Q
s t=1 i=1

N
+ Z(Aym - x;kﬁg(;ng),A + $;7k—1ﬁ;(1f()3)73)2
i=1

~

T N
D0 D (B Al )P

t=k+1 1=1

Step 4: Iterate Step 2 and 3 until numerical convergence, and obtain 45(k), 74 (k), and

B(k).

Step 5: Let k vary from 2 to T, and estimate the break point by

Z Z(Ayn - Ax;tﬁgi(B,k),B(k))Q

t=1 =1

k= argmin

k=1 N
keK [

=

) (Ayik — @By, an),alk) + x5 1By, x).5(k))?

.

=1
T N
+ Y0 (Ayis — Axfy By, an,a(k))

t=k+1 i=1

Step 1 is an initialization. In Step 2, we estimate the coefficient vector given group membership

structure and break date. Step 3 in turn estimates the group membership structure given the



coefficients and break date. Note that in Steps 2 and 3, we cannot separate the minimization
for pre-break periods and post-break periods. This is in contrast to the algorithm for models
without fixed effects. The reason is that first differencing makes the equation for t = k
contain both pre— and post-break coefficients. While it creates slightly more complicated
computation, we find that the computational time does not change much compared with that
for models without fixed effects. The break point is estimated in Step 5 by minimizing the

sum of squared residuals.

S.2.2 Assumptions

We list the assumptions pertaining to the fixed effects specification here for ease of reference.
Recall that superscript 0, such as k?, indicates the true value, 3p is the vector stacking Bg.B

for g € GP and similarly, 54 is the vector stacking Bg,a for g € GA
Assumption 1.

(ii) B is compact.

(vii) K°/T — 7 € (6,1 —¢€) fore >0 as T — oo.

(viii) There exists a constant ¢ > 0 such that for any g # § where g,§ € G® and
9,9 € G, it holds that ||8) 5 — B3 5|l > ¢ and [|BY 4 — B9 All > c.

Assumption 2.

(i) For any L C{1,...,N} and t" > ', there exists M which does not depend on L, t"
nor t' such that the following equality holds

" 2
t

1 IL|(t" =t
E NT Z Z Lit Uit +j = Mw-
t=t' i€L
forl,j =0,—1, where |L| is the cardinality of L.
(iii) Let pp N+ (7', g, §) be the minimum eigenvalue of sz\il 1{¢% = g9t = §}Axy Az, /N,
where ' is either yg (when t < k) or y4 (when t > k). For any g € G5,

min min max pp n+(VB,9,9) > PD,
1<t<k® 7B eGB

and for any g € G4,

min _min max pp n(v4,9,9) > pp,
KO<t<T Va4 GeGA

where pp —p pp > 0.



() There exists p}, such that for any i and for s such that s and T — s sufficiently

large,

T
1
Amin ( ZA%A:U ) >pp  and A (T — > AwitA$§t> > Pps

t=s+1

and pp —p pp > 0.
(v) maxi << Yoy |z 2/N = Op(1) and maxi<pr S || Az |[2/N = Op(1).

(vi) There exists a fized constant m > 0 independent on T and N, such that for any t,

1
N Z szt - 63?(3)73))2 > m.

(i) Let ziy be Axi,Axiy, ||AuigAzy, 2AuitAfC§t(ﬁ2?(l>,l — 271) or (A:Ugt(ﬁgf(l),l _ 52’1))2;
for g € Gy and | = A, B. Assume the following holds for any choice of zy. 1) ziy is a
strong mizing sequence over t whose mixing coefficients a;[t] are bounded by a[t] < e—at"
such that maxi<;<y a;[t] < a[t] and has tail probabilities maxi<i<n Pr(|ziz| > z) <

1—(=2/b)% for any t where a, b, di and ds are positive constants. 2) There exists a;,
i=1,...,N such that for any € > 0, it holds that max;<j<n |a; — Zthl E(zy)/T| < €
for T sufficiently large.

() maxi<;<7 B(| 2N, wivuir 1/ VN||*0) is bounded for some § > 0 where | = 0, 1.

S.2.3 Asymptotic results

We have the following asymptotic results for models with fixed effects. They are similar to

Theorem 1 and Corollary 1 in the main text.

Theorem S.1. Suppose that Assumptions 1(ii), 1(vii), 1(viii) and 3 holds. As N,T — oo
with NT~% — 0 for some § > 0, Pr(k = k%) — 1.

Corollary S.1. Suppose that Assumptions 1(ii), 1(vii), 1(viit) and 3 holds. As N, T — oo
with NT~% — 0 for some 6 > 0, Pr(§ =4°) = 1 and B=p8+ op(1/VNT), where B is the
estimator of B under k = kY and v = 9.

S.2.4 Proofs

This section includes the proofs of Theorem S.1 and Corollary S.1. First, Section S.4.3
presents the lemmas. The proofs of the theorem and corollary are included in Sections S.4.3
and S.4.3, respectively. Hereafter, C' denotes a generic constant whose exact value depends

on the content but it does not depend on NN, T', or on the values of the parameters.



S.2.4.1 Lemmas

Let
k—1 N
Q(k,v,B) = <Z Z (Ayis — Az} B,,5).8)°
t:1;7:1
+ Z Ay — By (ay,4 + T 1Bg.(5),8)°
T
+ Z Z(Ayit - Ax;tﬁgi(A),A)2>v
t=k+1 i=1
and
kS | LN
Q(k ’Va /800 it ﬁgmt) - chvt—l(ﬁggt,l,t*l - /Bgi,t717t—1))2 + ﬁ Z Z Au?t.
T 1 t=1 i=1
Note that for k > k0, Q(k,~, 8) is written as:
R 1 -1 N
Q(h’%ﬁ) :ﬁ Z Z(Ax;t(BS?(B),B - Bgi(B),B))2
1t1]\;_1
ﬁ 2 Tipo B (A),A — xg,ko—lﬁg?(B),B - Aw;koﬁgi(B),B)2
e 2
ZO—H; szt B 0(A),A Bgl B), B))
LN
+ 7 Z<Af2k5§g(A),A — 23 kB, + Tik 1 Bgum).B)°
1 ; N A
+ NT Z Z(Amét(ﬁo — Byi(4) WZZA%%&
t=k+1 i=1 t=1 i=1
When k = k0, it is
3 1 -1 N
Q(kv'%ﬂ) :ﬁ Z(Afv;t(/@;}?@g)ﬂ - Bgz-(B),B»2
t=1 i=1

N
1
+ NT Z(Cﬂgko (BS?(A),A — Bgi(a).4) — f@,k@q(ﬁgg(mﬁ - 5;;1'(3)73))2

i=1
1 T N ] TN
0 2 2
+ NT Z Z(Ax;t( 90(A),B Bgi(A),A)) + NT Z Z Augy.
t=kO041 i=1 t=1 i=1
Lastly, when k < k°, it is
k—1 N
Qb 7, B) =555 > D (A (B ) 5 — B p))
t=1 i=1



N
1
+ 57 2 ATBg ) 5~ iBaa,a T T By 5),5)°

i=1
k0—1
T X S(ad (85,5 — Bou(a.0))
t k+1 i=1
;N
+ N7 2 @0 B ).~ Tigo 1803y = AlyaBy,4),4)°
i=1
1 T N 1 T N
0 2
-+ ﬁ Z Z(A%;t(ﬁg?(A),B - Bgi(A) ﬁ Z ZAU”
t=k0+1 i=1 =1 1

Lemma S.1. Suppose that Assumption 1(ii) and 2(i) and hold. Then we have

- 1
ka 9 - ka ) = O =
ke]K,:lelg,BeB’Q( 7,8) = Q(k,y ﬁ)‘ p (ﬁ)

Proof. The proof is almost the same as the proof of Lemma S.3 of Bonhomme and Manresa

2015). First we consider the case in which k > k°. We have
(2015)

Q(k7775) - Q(kﬂ’ya B)
k-1 N

1
= — 2— Z ZAU” A$ /B 90(B),B Bgi(B),B))
t=1 =1
N

1
—2NT Z Ao (208 (A),A - x;,ko—lﬁs?(B)vB — Ao (5).5)

Lk
— 257 Z Z Auit@wét(ﬁggmm — Bgu(B),B))

t—k:0+1 1=1

- 27 Z Auig( A*’”%kﬁ 0(A),A ’Ii,k/Bgi(A)7A + xg,kqﬁgi(B),B)

T
1 0
— 2ﬁ Z ZAuit(Ax;t(ﬁg?(A),A — Byi(ay.a)-
t=k-+1 i=1
We observe that
K°—1 N
o O Aui(Ad, — Byp).5))
t=1 i=1
K1 N KO-1 N R
Z me@ 0(B BUit — NT Z sztﬁgz(B BU;it — NT xétﬁ 0 (B), pUit—1
t=1 i=1 t=1 =1 t=1 i=1
] R K-1 N -1 N
+ ﬁ Z l’gtﬁgi(B),BUi,t—l x;’t 1ﬁ 0 (B), Bu,t + — NT Z Z ’Lt 1/892 (B), BUit
t=1 i=1 t=1 i=1 t=1 i=1



K—-1 N k9—1

N
1 1
TNT > Tha-1850(5) Uit -1 — NT o> i 1Bam)BUi1-
=1 i=1 —

i= i=1
The first term is

k0—1 k0—1

N N
1 1
NT Z Zx;tBSE(B),Buit = NT § 1 'Ltﬁ 0 Buit‘
t=1 =1

geGB t=1 i=1

For each g € GP, by the Cauchy-Schwarz inequality we have

2

1 -1 N
E\l~7 21(91(3) )ZitByo ), plit
t=1 i=1
1 KO—1 2
<BE ﬁ it Uit
t=1 gi(B)=g

where C' satisfies ||, +||> < C for any 8 € B and the existence of such C' is guaranteed by
Assumption 1(ii), the inequality follows by the definition of C, and the equality follows by

Assumption 2(7). Next, we consider

2 2
kKO—1 N N k0—1
1
E E BBy, Buit | < 75 /Bgi(B),BE TitUit
NT 4
t=1 i=1 =1 t=1

2
N ||K0—1

N
< (;7 ; Hﬁgi(B),BHQ) NT?2 Z Z Tt Ut

i=1 || t=1
kO
=0p <T2> )

where the first inequality is the Cauchy-Schwarz inequality and the second inequality follows
by that Assumption 1(iz) implies Zf\i 1 1Bg:(8),811?/N < C for some C, and that Assumption
2(1) together with the Markov inequality implies Zfil HZfiIl TitWit ’ J/(NT?) = O,(k°/T?).

The other terms in the expression for Q(k, v, 8) — Q(k,~, f) can be analyzed similarly. It
therefore holds that

Q(k7’776) - Q(k>’77/3)

VEO VEO 1 1 Vk— k0 VEk— k0
—0 (TW) +O<T> +O<m>+O<T)+O<W> +O<T)

o) rola) ol ) o (),




uniformly over 3 and 7. The argument for cases with k¥ = k* and k < kY is similar. Because

k < T by construction, we have

up [Q062,8) = Q5| = 0, ()

keK,~€G,5€B
O

Lemma S.2. Suppose that Assumptions 1(ii), 1(vii), and 2(i)-2(vi) hold. Then, we have
that

Bl — B@BHZ = O0p(1/VT),

(1) max e mingegs
(2) max,cga mingega

84— o = 0,0V,
(3) (k ~ K)/T = 0,(/VT).

Proof. From Lemma S.6, we have

Q2.8 =l 28 +0, ()
<Q(k%,7%, 8% + O, (&) = QK" 7°,8°) + 0, (;T) :

Because Q(k,~, 3) is minimized at (9,49, 3°), we have

505 2 AY A0 A0 30y _ 1
(5, 5) Q(k,v,m—op(ﬁ).

Let ayr = Q(l%,’y,,@’) — Q(ko,fyo,ﬂo). Note that ay7 = O, (l/ﬁ)
Consider the case in which k > k°. We observe that

N
- ~ 1
Q(k7’y7ﬁ) - Q( 5’7 BO Ni Z Z szt (B),B — Bgi(B),B))2
t=1 =1
N
S @B 4 — Tro 1B — Ao B().5)°
NT Lo g9(A),A — L; k01 99(B),B ikOFg;(B),B
i=1
1 k-1 N
Z Z A‘T’Lt ﬁo - ﬁgi(B),B))2
t=k0+1 i=1
1 al ! / 2
+ N7 Z(szkﬂ 0 — 25 1Bg;(A),4 + T —184,(B),B)
=1
1 T N
Ni Z Z ACB ﬁO(A)A 691 A)A)) .

||
+



‘We consider the first term. It holds that

K9—1 N

NT Z Z szt 60

t=1 i=1

k-1 GB GB

N

3D 9 S SIS

t=1 g=1 g=1 i=1

K9—1 GB GB

— Byu(B),B))°

= gHai(B) = 1Az}, (By

>1 ZZZPDM 7.9:9) 1895 — B8] -

t=1 1g=1

We thus have

EO—1

N
1
Ni z_: Z;(Ax;t(ﬁgg(B) B

691‘(3

),B))2 >

KO —1

pD sy min 180 5

by Assumption 2(iv). Moreover, Assumption 2(iv) implies

1 kR
NT 2 -

Thus, we have

1 N
0
5 2 8.5
=1

Similarly, it follows that

|, IN
NT > Z(Aw;t(ﬁgg(A)A

t=k+1 i=1

For the second term, we observe that

1 N
T 2

! 0
$i,k0—1ﬁgg(3) B

B) Az (529(3)

1 Y y
1 N
“NT Z_l(xgk‘) (Bgoap.a = By, p))” +
1 Y .
_QNT; G

— Boi(a),

N
ZAaz (Boo(s).8 — Bau(3),8))?

1
A))2Z#

-1 1 0

- Bgi(B),B”Q < Canr

r-k max min Hﬁ
ngGA GeGA

- Ax;koﬁgi(B)aB)2

NT

5~ Bom).B))°

N

Z(Ax;k:o (/82?(3)73 - ﬁgqg(B),B))2

i=1

- 529(3),3)‘ : ‘Ax;ko (529(3),3 - ﬁgi(B),B))

N

— B.8))°

Bgl(B),B”2

5§,AH2-

(S.1)



1 ] N 1/2 1 N 1/2
0 0 2 0 4 2
— QT <N ;x;ko(ﬁg?(A)7A - 69?(3)73» ) (N Z(Aw;ko(ﬂg?(3)73 - B@;‘(B),B)) ) .

i=1

Assumptions 1(ii) and 2(v) implies that

N

1

S By~ By ) = 01
=1

Also the Cauchy-Schwarz inequality, Assumption 2(v) and (S.2) imply
L X
N > (Al (52;)(3),3 — Ba(),B)) < Canr.
i=1
Hence, Assumption 2(vi) implies with probability approaching one,
1
NT 4

Mz

/ 0 ’ 0 A 2
(x ikoﬁgg(A),A - xi,ko—lﬁg?(B),B — Aip0B5,(8),B)

Il
R

1 1
ET (m+C —2C\/ant) > T (m — Cy/anT)

For the third term, we have

1 k-1 N
~7 D> (AT By ). = Bau(3),5))”
t=k0+1 i=1
1 k-1 N A
=N7 D (AT (B4~ Bipiy5 + By — Ban))?
t=k0+1 i=1
1 k-1 N 1 k-1 N
ZW Z(szt<5 O(A 5 9(B) B))2 + W Z(Awlt(ﬁgo(B) B ﬁgz(B)yB))Z
t=k0+1 i=1 t=kO41 i=1
1 k-1 N
R 3 \Ax;t(ﬂgO(A),A % 5) B)\ \Ax;t@go(B) 5~ Bacm).8))
t=kO+1 i=1
] kN | k1N
2 2
Zﬁ Z(szt(ﬁ O(A) A ﬁgo(B) B)) + ﬁ Z Z(Ax;t(,@ O(B) B Bgz(B),B))
t=k0+1 i=1 t=k0+41 i=1
1 k-1 1/2 L& 1/2
- 2? Z ( Z A:C@t /80 - BS?(B),B))2> (N Z(Ax;t(ﬁS?(B)vB - 5@1(3),3))2) .
t=k0+1 i=1

Assumptions 1(4i) and 2(v) imply that

N

1

N ZAx;t(ﬁgg(A)’A - 52?(3),3))2 = 0p(1),
i=1

12



uniformly across t.

Moreover, the Cauchy-Schwarz inequality, Assumption 2(v) and (S.2)
imply that with probability approaching one

N
Z szt ﬂ 99(B),B ﬁgi(B),B))2 = Op(ant).
Thus we have with probability approaching one

k—1

E

1
NT

l'vM

N
Z A‘/Ezt 5 0 ),A ﬁgz(B ))2

%—ko— kK01
># (m+ C - QCN/CLNT) = 7 (m* C\/CLNT) .
It thus holds that for k > KO,

1 .

E—k0—1 k — kO
T (m — Cy/anT) + — (m — Cy/ant) =

(m — Cy/ant) < anr.
We can use a similar argument to show that for k < k9 we have

KO — &
T (m — Cvant) < anT.

Thus we have

k— kO 1
T Op((lNT) = Op <\/T> . (83)
Next, we have that by (S.1), for k> KO,
K -1 max min 5 B H <a
X .
T pp g€GP GeGB 9,8 GE|| =ONT

A similar argument to that use to show (S.1) gives that for k < k°

k—1. .
——pp max min
T ge€GB geGB

o L2
Be.B — 5@,3” <anT.
Thus, by (S.3), we have

max min
geGB geGB

a 2
895~ Bs.s|| = Oplant) = 0, (

Lastly, by following a similar argument for (S.4)

J%). (S.4)

we have
R 2 1
1l -o.(3)

13

max min
geGA geGA




Lemma S.3. Suppose that Assumptions 1(ii), 1(vii), 1(viii), and 2(i)-2(vi) are satisfied.

~ 2
Then there exist permutations op : GE — GB and oy : GA — G4 such that HBS’B — BUB(Q),BH =
R 2
Op(1/V/T) for any g € GP and H'BSA - BJA(QLAH = 0,(1/VT) for any g € G*.

Proof. The proof is exactly identical to that of Lemma 3 in the main text and is thus omitted.

O]

By relabeling, we can set op(g) = g, and o4(g) = g. We use this convention through;)ut
the paper. Thus we have HBS,B — Bg’BH = Op(l/\/T) for any g € GE and HBS,A — Bg’AH =
O,(1/V/T) for any g € GA.

Let NV be a neighborhood of 3° such that Hﬂg}c — 59’CH < nforn >0 for any g € G and
C = B, A. Note that we will take 1 small enough by considering large N and T' by Lemma
S.8. Let k= TlogT + k° and k = —/Tlog T + k°. Define K = {k : k < k < k}.

Lemma S.4. Suppose that Assumptions 1(ii), 1(vii), 1(viii), 2(v) and 2(ixz) hold. As N,T —
oo with NT—% — 0, it holds that

Pr(4(k, B) # +° for some k € K and B € N') — 0.

Proof. To show Pr(§(k, B3) # A for some k € K and 3 € N) — 0, it is equivalent to show
that

s, sup max 1(3:(B)(k, 6) # 67 (B) or gi(A)(k, ) # 67(4)) = op(1).

‘We observe that

s, sup max 1(3:(B)(k, 6) # 67(B) or §i(A)(k, ) # 6(4))

k-1
(94,98)€GB xGA\{g?(B),g%(A)} (;( Z t gB)
T
+ (Ayik — Tip By, + x;,k—lﬁgg)Q + Z (Ayir — Aty By,)?
t=k+1
k-1
< Z(Ayit - A:c;tﬁg?(B),B)Q + (Ayir — mgkﬁgi(A)’A + x;,k—lﬁgi(B)O,B)Z
t=1
T
+ Z (Ayit — A:U;tﬂg?(A)’Af)
t=k+1
k—1
< max 1 Ay — AJZ; 3 2

+ (Ayir — By, + x;,kqﬂgs)Q

14



k-1
<D (Ayi — Az} Byo(p),5)° + (Ayik — By aya + $;,k—1ﬁgi(B)O:B)2>
t=1

T T
+ max 1< (Ayi — Azl B,,)% < (Ayir — Azl B,0 )2>

(94)€GA\[g2(A)) tz;l o tz;l oA
We first consider cases with k > k0. Let

k-1

d= Z (Ayir — Ax;tﬁgs)z + (Ayix — x;kﬁgA + x;,kflﬁgB)Q
t=k0

k-1
=) (Ayi — A$;t/8g?(B),B)2 — (Ayik — T3 Byo(ay,a + x;,k‘—lﬂg?(B),B)2'
-
We observe that
k1

d =2 Z AuitAx;t(/Bg?(B),B — Bg(8),B)

P
+ (zx;koﬁgg(A),A - 2x2,k0—1529(3),3 — Az (Bgo(m),8 + Byu(8),8)) A0 (Byo ), — Byi(B).B)

k—1
+ Z (ﬁg?(B),B_BQ7B)IAxitA$;t(2/BS?(B)7 50(3 — B9.B)

t=k0+1
+ 28wk (%5 (Bgoa),4 — Bya) — Tie—1(Bgo8),8 — Bys))
+ (x;k(/g 0(A),4 — Bga) — ;,k—l(ﬂg 08),B — Bon))
X (2827850 4y 4 — Tin(Bgo(a),.a + Bya) = @i k1 (Bgo(3) 5 + Bys)

Thus we have

k—1 kK0—1
d] <My || > AugAay||+ Mz | Y AwyAaly| + Z
t=kO t=k0+1
1 & 1
0
<Mi(K” = k) 7 ;}; | A Azig|| + Mao(K® — k) T tz’; AzyAzly ||+ Z,

where Z = O,(1) independent of T" and M; and M, are constants independent of (i, g, k, 3).
Let My = T'/*/logT. Under Assumption 2(iz), we can apply inequality (1.8) in Merlevede

et al. (2011) which is based on Theorem 6.2 of Rio (2017) with A = (k — k%) My = T3/* and
obtain
1 k
Pri—m > (|AuiAziy| — E(||AuiAzy))| > My
t=k0
A4/ (d+1) 1609 A4/ (d+1)
§4 exp <—20g -+ 16CM7:1 exp _GT

15



=o(T),

where d = dydy/(d1+d2) and C'is a positive constant. Noting that E?:ko E(||AugAzyl|)/ (k—

k%) converges and My — oo, we have

1 _
Pr 70 Z |AugAzi|| > M7 | = o(T 5).
t=k0
Similarly, we have
Pr Z Azl || > My | = o(T_‘S).
t=k0

This implies that there exists a sequence such that Cp = O(Myr) and Cp — o0 as T — o0

such that
kO k _
( —ld| > C’T) = o(T79).

By a similar argument, the above bound holds for k& < k.
Next, we consider the main term. This term can be considered in a similar way to

Bonhomme and Manresa (2015) and Okui and Wang (2021).

k0O—1
> ((Ayit — Ay By B)? — (Ayu — Amétﬁg?(B),B)Q)
t=1
K0O—1 E0O—1
=Y 28uaAua(Bys), — Bos) + ) (Beos).n — Be.B) Dealaty (285 ) 5 — Byo(s).5 — Bo.B)
t=1 =1
kK01
t=1
kK0—1
+ Z 2Au;t At (Byo 9(B),B — Bg,B — 53?(3)73 + 50,3)
t=1
k0O—1
Z )AxltAx (B 0 (B),B 52,3)
k0—1
+ > (Byos).s — Bo — By p + By.8) Az Ay (2800 ) 5 — Byo(s).5 — Bo.)
t=1
kK0—1
n Z % 5.5 27B)IA$itA$;'t(BS?(B)’B — Byo(),B — BB + 58,3)-

By the Cauchy-Schwarz inequality, Assumption 1(7i) and the definition of A/ imply that

k0—1

Z 2AuitAxit(5 9(B),B — Bg,B — 589(3)73 + BO,B)
t=1

16



k9—1

+ Z (599(3),13 — By, — 522,0(3)73 + 52,3)/A$itA$§t(2/329(3),B - 5gg(B),B — Bg,B)
t=1

k0—1
+ Z (529(3),3 - g,B),A‘TitA:U;t(BS?(BLB - Bg?(B),B - 5g,B + BS,B)
t=1

k0—1 E0—1
<nCi Z Auit Azi|| + nCa Z Az Az,
=1 =1

where C7 and Cy are constants independent of n and T'.
We then have

k1
1 ( Z(Ayit — Az, By p).B)°

t=1

+ (Ayir — x;kﬁgi(A),A + :U;,kflﬂgi(B),B)Q
k—1

< Z(Ayz’t - Aw;t g?(B),B)2 + (Ayix — x;kﬁgi(A),A + x;,klﬁgi(B)O,B)2>
t=1

K01
§1< Z 2AuitAx;t(52?(B),B - 2:3)

t=1
k9—1 KO—1 E0O—1

<- Z (Axét(ﬁS?(B)’B - 52,3))2 +nCh Z Aui Az || +nCo Z Azy Ay, + |d|

t=1 t=1 t=1

Note that the right hand side does not depend on . Thus, we have

k—1
Pr max 1 Ay; —A:E'i 8. 9
((gA»gB)GGBXGA\{Q?(B)’QZQ(A)} <;( Yit +B9:(B),B)

+ (Ayir — By (a),4 + T p_1Bg(B).B)
k-1

< Z(Ayit — Azl gg(B),B)2 + (Ayip — xgkﬁgi(A),A + x;,klﬁgi(B)O,B)2> # 0)
t=1

K0—1
< Z Pr ( Z 2AuitA‘T'Iit(ﬂg?(B),B - 273)
(B)}

9€GP\{g? =1

01 K01 KO—1

<= D (AT n — Bp)” + 101 || D Al +0C2 || > Avall| +|d

t=1 =1 !

K0O—1
< Z Pr ( Z 2AuitAx;t(58?(B),B - S,B)

gEGB\{g?(B)} t=1

101 O_1 KO—1

<= > (A (B g — Bop))’ +nCr || Y AugAa| +nCa || Y AvaAay|| +|d]

t=1 t=1 t=1

17

).

)
)



K9—1
1 c’
< Z (PY 70 (Axét(ﬁgg(B%B - /BS,B))Q < 2)
B)}

9€GB\{gf(

t=1 =1
1 KO — k
+ Pr ﬁ|d| > k;O CT>
1 i ! 10 _
+ Pr <k‘0 Z ZAUitAJU;t(BS?(B)’B - 'BE(J],B) < B} +nC1M + nCoM + lf()CT))’
t=1

where we take ¢’ = ¢ x p}, for ¢ in Assumption 1(viii).
We use the following lemma by Bonhomme and Manresa (2015) which is based on Rio
(2017).

Lemma S.5 (Lemma B.5 in Bonhomme and Manresa (2015)). Let z; be a strongly mizing
process with zero mean, with strong mizing coefficients alt] < e~ gnd with tail probabilities
Pr(|ze| > 2) < el_(z/b)dQ, where a, b, di, and do are positive constants. Then for all z > 0,

we have for all 6 >0, as T — oo,

Note that this lemma holds uniformly over 7 as long as the bounds for mixing coefficients
and tail probabilities hold uniformly over i.
We observe

kO—1 k9—1 kO—1

% Z Azy Azl || > M| <Pr % Z HA:I:Z-tAxétH >M | =Pr % Z Azl Axy > M
t=1 t=1 t=1

Pr
We then apply Lemma S.5 with Az}, Az — E(Ax,Az;) as z in the lemma. Combining with

Assumption 2(iz) and the fact that Zfi;l E(Az!,Az;)/Kk° converges, we have

EO—1
1

Pr 70 Z AzyAzly|| > M | =0 ((ko)_(;) — ¢ (T_5> ’
=1

where the last equality holds by Assumption 1(wii). Similarly, noting that Zfi;l E || Aug Az /KO

converges, Assumption 2(iz) implies

kK0—1
Pr 1 Z AugAzil| > M | =0 (T*‘S) .

t=1

18



Moreover, a similarly argument shows that under Assumption 2(iz), Lemma S.5 implies

=o(T),

)

1 c//
Pr 70 (Axét(ﬁgg@),g ~Bop))” — 70 Z E((Axgt(ﬁgg(B),B — Bep))?)| = 3
which in turn implies that under Assumptions 1(viii) and 2(v),

K0—1
1 C/l B
Prl.o > (Ax;t(ﬁgg(B),B —Bgp))” < 5 | =oT )
t=1

uniformly over g. We have shown that Pr((k°)~!|d| > ((k° — k)/k°)Cr) = o(T~%). Note that
(k° — k)/k%)Cr — 0 because My = o(v/T/logT), k* = O(T) and K — k = O(v/TlogT).

Moreover, we can take 1 small enough and also 7" large enough such that

KO—1
1 0 0 CI/ ko - E
Pr (ko ; 28u Ay (Bpo ) 5 — By.p) < = +nCUM +nCoM + —5=Cr

/!

K0—1
1 c
<Pr (k;o Z QAUitAx;t(ng(B%B - _2,3) < —4),
=1

This probability is also o(T~%) uniformly over g under Assumption 2(iz) by Lemma S.5
following a similar argument to those discussed above.
It thus follows that
k—1

Pr max 1 Ayi — A28, 2
((gAng)EGBXGA\{Q?(B)zgg(A)} <;( t t gz(B),B)
+ (Ayik — xékﬁgi(A),A + x;,k—lﬂgi(B),B)2

k—1

<) (Ayit — Al‘litﬁg?(BLB)Q + (Ayir — 2B aya + $g,k—lﬁgi(B)0,B)2) # 0) = o(NT™).
=1

~+

A similarly argument shows that

T T
Pr max 1< (Ayir — Azl ) 2 Ay — Az, B0 )2> £0
((QA)EGA\{gg(A)} t:%;rl t t-g (A)7A) t:%;l( t t-g)(A),A
—o(NT™).

We use a similar argument for k& < k" and the proof is complete.

S.2.4.2 Proof of Theorem S.1

Proof. We observe that
Pr(k # k%) <Pr(k £ k°, 8 € N') + Pr(B ¢ \)
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<Pr(k# k.5 =1"8€N)+Pr(§ #1°, B €N)+Pr(3 ¢ N).
First, Lemma S.8 and the discussion below it imply that Pr(3 ¢ ') — 0. Second we have

Pr(§ #4° 8 € N) <Pr(3(k, B) # ~° for some k € K and 8 € N, 3 € N) + Pr(k ¢ K)
<Pr(4(k,B) # ~° for some k € K and 3 € N) + Pr(k ¢ K) — 0,

by Lemmas S.7, S.8 and S.9.

We now consider the third term. We observe that
Pr(k # k4 =78 €N)
E#£K,4 =7 3eN,keK)+Pr(k¢K)
k(°, B) # k° for some B e N',5 =-°, 8 € N) + Pr(k ¢ K)

where
k(1" 8) = argmin Q(k, v, ).
keK
Note that Pr(k ¢ K) — 0 by Lemma S.7. Note that k(1°, 3) # kO is equivalent to

Q%" 8) > min Q(k,7",3) = min (lgnirgQ(ka,B),miI})Q(k,vO,/J’O.
>k k<k

keK\{kO}

Thus, we have
Pr(k(°, B) # k° for some 8 € N)

<Pr (Q(ko,’yo,ﬁ) > min_Q(k,fyO,B) for some 3 € J\/)
KO<k<k
+ Pr (Q(ko,’yo,ﬁ) > min Q(k,~°, B) for some § € N) )
k<k<kO

Suppose for the moment that k < k < k°. Noting that

k—1 N
1
Q" B) = ( D> (AZyB 5 — AiBg(m).p + Auir)®

t=1 i=1
N

+ Z(Axékﬁgg(g),g — 23Be0 ()4 T T h-1Bg0(m), B + Auir)”
P

K-1 N

+ Z Z(Al’gkﬁgg(g),g — Az Bpoayat+ Augy)?
t=k+1 i=1
N

+ Z(fﬂgkoﬂgg(A),A - 9”;,1407152?(3),3 - A$;k0f8g?(A),A + Augpo)?
i=1

20



T N
+ Z Z(Ax;t 2?(A),A - Aw;tﬁgg(A)A + Auit)2>,

we have

N
— / 0 0
Z(mikoﬁg?(A)7A - x;7k0_1699(B),B — Aa:;kO/Bg?(A)A + Auik0)2

i=1
-1 N
- Z<A$2t(53§)(3)73 ~ Byo(s),p) + Auir)?
t:kN'Lzl
" ;(x;ko i, a = Batna) = oo 1 By b~ Pan.) + Atiao)”

N
0
_ Z;(asgk(ﬂg?(B),B — Bgo(ay,a) — x;k_l(ﬁgg(B)’B — Byos).p + Auig)?
-1 N

= 2 D (A(Bgrm) 5 — Bypia.a) + Aeuir)”

t=k+1 i=1

N
0
- Z(l'gko (ﬁgg(A),A - Bg?(A),A) - x;7k0_1(ﬁg?(B)7B — Bg?(A),A) + Auiko)Q
i=1
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k-1 N K°-1 N
=-2 (Ax;t(BS?(BL — Byo(),B)) Auir + Z Z Ay ﬂ 9(B),B Bg?(B)»B))Q
t=k i=1 t=k i=1
N
- 22 zkzo 5 0( -p g9(A),A a) — mg,k0—1(589(3),]3 - /Bg?(B),B))Auiko
N
+ > (@0 (ﬁ o 5gg(A),A) - x;,k0—1(53§)(3),3 -6 ?(B),B)>2
i=1
N

k3

+2) (@i (Byomyn — Bao(ay.a) = ¥ik-1(Bg ) 5 — Byo(m).5) Auin
1

1=

N
Z( (50 — Bgo(ay,a) — mg,k—1(5§g(3)73 - 5gg(B),B))2
=1
-1 N -1 N
Z Z (A, (B 0 (8),8 ~ Bg0(4),4)) Attt — > (A8 o( 5~ Bgo()4))?
Zh i=1 t=kt1 i=1
Z Z;po B 0(A),A ﬁg?(A),A) - $;,k0,1(52?(3)’3 - /Bg?(A),A))AUikO
i=1
N
Z i (B 0(4),4 ~ Pov(a),4) — x;kofl(ﬁg?(B),B _699(1“)*‘))2
=1
N
=—2) (@ Bgocay,a — Byo(m),B)) Ak
=1
-1 N
—2 > > (AT (Byoaya — Byomy,p)) Auit
t= k+1z’ 1

+2Z i ko1 (Bgo(ay,a = Byo(m),B)) Auigo

kolN

+ZZA$ BOB)B 51B)B))2
t=k i=1
N

+ Z(x;'ko (/82?(,4)7,4 - /Bg?(A),A) - x;,k0_1(63§)(3)73 - B Q(B),B))2
i=1

7

N

- Z(xgk(ﬂS?(B),B - Bg?(A),A) - x;,k—l(ﬁgg(3)73 -p ?(B),B))2
=1
K-1 N

_ Z Z(Aﬂ?ék(ﬁgg(B),B _/Bg?(A),A))Z
t=k+1 i=1

7

N
+ Z(i'gko (ﬁS?(ALA - /Bg?(A),A) - 53;7]?0_1(52?(3)73 - B Q(A),A))Q'
=1
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Let
Tik ift=k
Zit = Az ifk<t<k°
—l'@kO,l if t = ]6'0.
Then, Assumption 2(vi) implies that
N
DD By p = Bap.a)? > N(K =k + 1)m
t=k i=1

Moreover, Assumptions 2(v) and the condition that 8 € A, implies that by taking 7 small

enough, we have

ZZ zit( By 0B).8 ~ Bo0(a), 4)°

t=k i=1
-1 N
D (Azl( BO - 5gg(B),B))2
t=k i=1
N
+ Z o ( 5 0 69?(A)7A) - xé,kofl(ﬁgg(B),B - 69?(13)75))2
i=1
N
— > (@l 50 — Bgo(ay,a) — xé,k—l(ﬁS?(B)B — Byo(5).8))°
=1
-1 N
Z Z Azl ( 50 - B g(A),A))2
t=k+1 i=1
N
+ Z Tipo 5 o( 5_% (A), a) — ;,ko—l(ﬂgg(B),B - 5_¢7?(A),A))2
Z(k‘—:“)m'

Furthermore, we have

k +1N ZZ zit(By 99(A),A — Bgo(ay,a = 63?(3),3 + Byo(B),B)) Auit

t=k i=1

1 kKO N
e 2D il

t=k 1=1

Thus we have

Pr (Q(ko,'yo,ﬁ) > min_ Q(k,~°, 3) for some B € J\/>
KO <k<FK
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BEN KO<k<k

by )1 P& A Bk .
: E%@%D—NZZ%M%M—%wwwv*vrﬂl>

=Pr <Sup max_(Q(k°,7%, B8) — Q(k,~°, B)) >0>

1 m
=r N Auyg—— | >0
' ;lel}\)/kg}iio ( NK —k+1 k +1 g;zlt 99 (A),A — By 9(B),B B)Au; 5 )
m
<P _ A .m
= ngfkg}ci}io N KO k41 k +1 g; it 0(A AT 5 ) Wit 5
. 1 ! (R0 0 m
=P Eg}f?;o 72Nk‘0—7k+1 ;;Z“(ﬁg?m),/x - Bg?(B),B)Auit > N

1 1 kO N
P C m L >
R Ic<k:<k0 NK —k+1 Z Z [|zizwit|

t=k 1=1
1
—O<N>’

where the last equality follows by applying (Bai and Perron, 1998, Lemma A.6) which is
an extension of Héjek and Rényi (1955). Here we use the observation that an L, mixing
sequence is an L, mixingale sequence for 1 < p < r as discussed in (Davidson, 1994, page
248). Thus, under Assumptions 2(ir) and 2(z), ziuy is an L? mixingale and we can apply
(Bai and Perron, 1998, Lemma A.6).

A similar argument shows that

Pr (Q(ko,vo,ﬁ) > min Q(k,~°, 3) for some 3 € N) =0 <1> )
kO<k<k

To sum up, we have

S.2.4.3 Proof of Corollary S.1

Proof. We first show the first part of the corollary. We observe

Pr(§ #4°) <Pr(§ #1°, B € N) + Pr(3 ¢ N).

The second paragraph of the proof of Theorem S.1 shows Pr(% # 70,3 € N) — 0. Lemma
S.8 and the discussion below imply Pr(3 ¢ A') — 0. The desired result thus holds.
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Second, we show the second part of the corollary. We have

(=31 > )
<Pr (HB — BH >aVNT,5 =~k = k0> + Pr(y # 49 +Pr(lAc £ k%)

<0+ Pr(y #4°) +Pr(k # k%) = 0

for any a > 0, where the second inequality follows because B = B holds under v = ~4° and
k = kP, and the third inequality holds by the first part of this corollary and Theorem S.1.
We thus have the desired result. O

S.3 Models with fixed effects: within transformation approach

This section provides theoretical results and proofs for within-transformation estimation of

models with fixed effects, an alternative method to first-difference estimation.

S.3.1 Estimation method

Here we divide the sample into two regimes according to a hypothetical break point, and elim-
inate the fixed effects by transforming the dependent and explanatory variables, subtracting
their average over time for each of the two regimes. Then we estimate the coefficients, group
membership structure, and the break date by minimizing the quadratic loss function defined
in terms of the transformed variables.

We define the variables after within transformation for each regime, given a hypothetical
break point, as

1 k—1 1 T
Yit.k,B = Yit — —1 ; Yis, Yit,k,A = Yit — m Zk Yis,
= sS=

and

k—1 T
1 1
Tit,k,B =Lit — 7]{ 1 g Tisy  LTit,k,A = LTit — 7T k1 g Tis-
s=1 s=k

We estimate (k,, 3) by minimizing the least squares criterion:

k-1 N ,
[Z Z (yit,k,B - x;t,k,Bﬁgi(B),B)
t=1 i=1
T N ,
+ Z Z (?/it,k,A - xét,k,Aﬁgi(A),A)

t=k i=1

(k,4,8) = argmin
keK,yel',peB

To solve this objective function, we propose the following algorithm:
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Algorithm

Let s denote the iteration number.

Step 1: Set s = 1. For a given k € {2,...,T — 1}, initialize group structures in both

regimes as 'yj(BO) and 'yﬁlo).

Step 2: For given v(*) and k, estimate the slope coefficient 3(®) in the two regimes by

k—1
. 2
55(;) = argmlnz Z (yit7k7B - x;’t,k,Bﬁg,B) , for g € GB
B g

T
. 2
BS,)A& = argmlnz Z (yit7k7A — x;t&Aﬁg,A) , for g € GA.
Po a8 =k 9 (A)=g

Step 3: Given 3), find the optimal group for individual i in each regime, respectively,
by
k—1

(s+1) . ) o) 9
g;/(B)=  argmin itk — Ty 5B 7
9:(B)e{1,....GP} ; ( t:k, B z(B),B>
T

(s+1) . . ® 9
9i (A) = argmin itk A — T p 4 BY '
g (A)E{L,...,GA} ; ( tk,A gz(A)7A)

Step 4: Iterate Steps 2 and 3 until numerical convergence, and obtain 4p(k), Ya(k),

and (k).
Step 5: Let k vary from 2 to T, and estimate the break point by

k=1 N
. . 2
k = argmin [ Z Z (yit,k,B - x;th,B/Bgi(B,k),B(k))

kekK Ly 541
T N ,
+ Z (Yit k.4 — it g aBgi Ak, A (K)) ] -
t=k 1=1

Step 1 is an initialization. In Step 2, we estimate the coefficient vector given group membership
structure and break date. Step 3 in turn estimates the group membership structure given the
coeflicients and break date. The break point is estimated in Step 5 by minimizing the sum of

squared residuals.

S.3.2 Assumptions

We list the assumptions pertaining to the fixed effects specification. The first set of assump-
tions is a subset of the assumptions used for models without fixed effects and the same as

that presented in Section S.2.
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The following set of the assumptions are specific to the within-transformation estimator.

However, they closely correspond to the assumptions in Assumption 1.

Assumption 3.

(i) For any L C{1,...,N} and t" > ', there exists M which does not depend on L, t"
nor t' such that the following equality holds

" 2
t 7"
1 Lt —t)
E ﬁ Z Z TitUst = MiNTQ s
t=t’ i€L
and
t// 2
1 LIt = 1)
FE — =M
NT tzt: ; Hit NTZ

for where |L| is the cardinality of L.

(iii) Let pp N+ (7', g, §) be the minimum eigenvalue ofzi]\il 1{9?,5 =gHgit = g}xitvkx;t’k/]\f,
where T = Tipp if t < k, Tipg = Tigpa if t >k, and v' is either yp (when t < k)
or ya (whent>k). For any g € G5,

min min max pp n+(vB,9,9) > pp,
1<t<k® 7B §GeGB

and for any g € G4,

min min max pp, Nt(VAag 9) > pp,
KO<t<T 74 geG4

where pp —p pp > 0.

(iv) There exists py, such that for any i and for s such that s and T — s sufficiently

large,

Amin < szthxztk ) > ﬁB and Amin ( Z wztkAxltkA) > ﬁ*D>

t s+1

and pp, —p pp > 0.

(v) maxi <rer Sy [2a][2/N = Op(1), maxi<i<p1 S0 |2t k5] 2/N = Op(1)
and maxg<i<r Somy Tt gl /N = Op(1).

(vi) There exists a fixed constant m > 0 independent on T and N, such that for any t,
L N
N Z(x;t,k,B(BS?(A%A - 52?(3),3))2 > m.
i=1
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and
1 N
N Z(x;t,k,A(ng(A)’A - /82?(3)’3))2 > 1m.
=1

(ie) Let 2 b eall, v, i, izl 2ucly(By (= 89,) o (8l = 89,))% for
i(l)’ (1)’

g € Gy andl = A, B. Assume the following holds for any choice of zy. 1) zjy is a strong
mizing sequence over t whose mizing coefficients a;[t] are bounded by a[t] < e~ such
that max<;<n a;[t] < a[t] and has tail probabilities max;<i<n Pr(|zi| > z) < el (z/b)"
for any t where a, b, di and dy are positive constants. 2) There exists a;, i = 1,..., N
such that for any € > 0, it holds that max,<i<y |ai—3"1—, E(zit)/T| < € for T sufficiently

large.

(z) maxi<i<7 E(]| Zfil ziuit/VN||?10) is bounded for some § > 0.

S.3.3 Asymptotic results

We have the following asymptotic results for the within-transformation estimator. They are

similar to Theorem 1 and Corollary 1 in the main text.

Theorem S.2. Suppose that Assumptions 1(ii), 1(vii), 1(viii) and 3 holds. We also let
€T < k < (1 —€T) for e > 0 in Assumption 1(vii). As N,T — oo with NT~% — 0 for some
6> 0, Pr(k = k%) — 1.

Corollary S.2. Suppose that Assumptions 1(ii), 1(vii), 1(viii) and 3 holds. We also let
€T <k < (1 —€T) for e >0 in Assumption 1(vii). As N,T — oo with NT™® — 0 for some
§>0,Pr(3=1% — 1 and B=p+ 0,(1/v/NT), where B is the estimator of 8 under k = k°
and v = ~°.

We note that § is biased when z; is merely sequentially exogenous and not strictly
exogenous and 7T is not very large compared with N. A biased correction method is required
to make valid statistical inferences. For example, the half-panel jackknife bias correction may

be employed for each regime.

S.3.4 Proofs

This section includes the proofs of Theorem S.2 and Corollary S.2. First, Section S.3.4.1
presents the lemmas. The proofs of the theorem and corollary are included in Sections S.3.4.2
and S.3.4.3, respectively. Hereafter, C' denotes a generic constant whose exact value depends

on the content but it does not depend on N, T, or on the values of the parameters.
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S.3.4.1 Lemmas
First we observe the following. Suppose that k > kY. For ¢t > k , we have
1
Yit,k,A xlt/BO(A A+u7,t mzwls g(A) mZuzs
s=k

/
:xit,k,Aﬁgg(A)A + Uit k,A-

For K0 <t < k, we have

1 K0—1 1 k—1 1 k—1
Vitks =Culpia.a e = 53 2 Tialps ~ o7 2 Weliona T gy 2
koj; s=k s=1
:x;t,k,B/BSg(A),A =+ ﬁ Z x/is(ﬁ‘(g)?(A)’A - 5220(3)73) + Uit k., B-
s=1
For t < k¥, we have
1 k0—1 1 k—1 1 k—1
it =i+ i = 7 2 TBpame T z,;o il T T 2
= o= =

k—1
1
:x;t,k,B/ng(B),B T r_1 E xés(ﬂg?(A),A - BS?(B),B) + Uit k,B-
s=kO0

Suppose now that k < kY. For t > k°, we have

T K0—1
1 1 1
. —' 30 L= r 30 - - r 30 - - .
Yit,k,A _xztﬁg?(A),A + Uit T—k+1 521;0 xlsﬁg?(A),A T—-k+1 é xlsﬁg?(B),B T—k+1 ;ﬁ“w
K9—1

1
0 0 0
:x;t,k,A/Bg?(A),A + T—k+1 E : x;s(ﬂg?(A)’A - /3910(3)73) + Uik, A
s=k

For k <t < k, we have

E0O—1

1 1 0
wawOFWtTth%mW4Tth%ﬁ»fTwﬂg%
1 T
=i B~ T 2o Yis(Beoiay.a — Bgpmy p) T ik
s=kO
For k < t, we have
Yit,k,B = xét,k,BﬂSg(B)B + +uik,B-
Let
k—1 N T N
Qk,7,6) = 7 < SN Withs — Tk 5Bom)B)” + > D (Witka — x;t,k,Aﬂgi(A),A)2>,
t=1 i=1 t=k i=1
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Define Q(k, 7, ) in the following. For k < kY, it is defined as:

= 9
Q(k,, =NT Z ( Tit kB 5 °(B),B 591(3),B)>
t=1 1=1
1 K—-1 N 1 T
0 0 0
TNT - Z; <$;t7k7A(ﬁg?(B),B — Boi(ay,a) = T—k+1 z:()xgs(ﬁg?(A),A B Bg?(B),B)>
t=k i= s=k
T N k0—1
4 2 2 ia ey a ~ Buiar) + 77 2 5oy~ Fpcon)
NT 2 £ | TbAVRA = PaWATT 47 £ il = Bol(B),5
t=kV 1= s=
k—1 N T N
1 1
TNT > tikst NT DD Uitk
t=1 i=1 t=k 1=1
When k = k0, it is
1 -1 N 2
Q(k,v, ) =NT Z (xzt 50,5(Bg0 BB )>
t=1 i=1
;] TN
+ W Z Z(Cﬂit k0 A(B 0 Bgz A) A))
t=k0 i=1
T ;] TN
+NT 2o 2 kst g 2 2 itk
t=1 i=1 t=k0 i=1

Lastly, when k& > &, it is

KO—1 k—1 2
~ 1 1
Q(k, v, B) =NT Z Z mgt,k,B(ﬁS?(BLB = Bg(B),B) — E_1 Z xés(ﬁ(g)?(fl)ﬂ N 529(3)3))

t=1 i=1 s=kO
1 k-1 N 1 Ko—1 2
0 0 0
+ NT ZO Z x;t,k,B(ﬁgg(A),A — Byi(m),B) + E—1 Zl x;s(ﬂg?(A)’A - g?(B)ﬁB)
t=k0 =1 s=
1 T N 1 k—1 N 1 T N
5o 2 D @i aBloay.a = Bou),a)’ + 17 Uit p + o D D Wik
t=k i=1 t=1 i=1 t=k i=1

Lemma S.6. Suppose that Assumptions 1(ii), 1(vii), 3(i), and 3(v) and hold. We also let
el < k < (1—€T) for e >0 in Assumption 1(vii). Then we have

N 1
kv, B) —Qk,v,B8) =0, [ — ).
keK,'Sylelg,ﬁeB Q(k,v,8) — Q(k,~ B)’ p(ﬁ)

Proof. The proof follows the steps taken in the proof of Lemma S.3 of Bonhomme and Manresa
(2015). Each step becomes more complicated because of the presence of a break and the within

transformation.
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First we consider the case in which k& > kY. We thus have

) + Uit .k,B

Q(k,v, B
| ey TN
=NT ( Witk B — Thy BBy (B).B)° + Z Z(yit,k,A — x’it,k,Aﬁgi(A),AV)
t=1i=1 t=k i=1
| K1 N Lk 2
“NT Z <$’t k,B ”B 9 ( — Byu(B).B) — L1 Z xgs(ﬁgg(A),A - 52?(3)73) + uit,k,B)
t=1 i=1 Py
1 k-1 N 1 KO_1
TNT Z xit»’f’B(ﬁg?(A)A — By.B),B) T 1 Z zs(ﬂo ),A 52
t=kO i=1 =

_|_
Z‘H
~
E
Mz

(2 1 A(BS?(A),A — Bys(ay,A) + Uit,a)?

t=k i1=1
1 -1 N 1 E—1 2
0 0
-NT Z <xzth 5 o — Bou(B).B) — 1 Z 15(5 )4~ Bgos )>
t=1 i=1 s=k0
9 -1 N 1 k—1
+ NT 1 Uit k,B (x;t,k,Bw(;g(B),B - Bgi(B),B) T r_1 Zoxé's(ﬂgg(/;) A~ 529(3)7B)>
t=1 i=1 s=k
+ ﬁ Z x;t»kyB(B(g)?(A),A B ﬁgi(B),B) + k—1 Z zs(ﬁo ),A BS )
t=k0 i=1 s=1
2 k-1 N 1 k’o—l
0 0 0
+ ﬁ 2 Zluzt,k,B x;t,k,B(ﬁgg(A)A - 5gi(B),B) + m 21 x;s(ﬂg?(A)A - g?(B),B)
t:k? = S=
1 LN
T NT Z Z( zt,k,A(ﬁgg(A),A - Bgi(A),A))Q
t=k i=1
5o I
+ N7 2o D Uitk AW a(Boay 4 — Bai(a).4)
t=k i1=1
] =y
NT ZU ,kB+NTZZ itk,A
t=1 i=1 t=k i=1
=Q(k,7,8)
9 -1 N 1 k—1
+ NT Uit k,B (xgt,k,3<ﬂ2?(3)73 — Bgy(B),B) — 1 xQS(BS?(A) A 520(3)7B)>
t=1 i=1 s=kO
2 k-1 N 1 ko—l
+ ﬁ Ozluzth szth(ﬁ 0 A ﬁgz ) m . xiS(ﬁSZO(A),A ﬁg?(B),B)
t=kV 1= sS=

+
3~
E
M=

Uit,k,A(fB;t,k,A(ﬁgg(A),A = Bgi(a),4))-

H
Il
=
.
Il
i
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We observe that

kO 1 N 1 ko—l N
0
Z > itk pr ztk:BB °(B),B = NT Z“”xétﬁg?(B),B
t=1 i=1 t=1 i=1
1 N 1 k—1 k0—1
 NT &~ k-1 2 uis D TuBs) b
1= s=1 t=1
1 N k0—1 1 k—1
!/ 20
~ T 2 2 vy o
i=1 t=1 s=1
k—kOlel 1k71/0
NT k—1 Z““k 1 D TsBihm,p
1= =1 s=1
The first term is
-1 N 1 K—1 N
o 3 S w5 = > 1ai(B)" = g)uuyB 5 5
t=1 i=1 gGGB t=1 =1

For each g € GP, by the Cauchy-Schwarz inequality, we have

2
kKO—1 N

E Z Z Z gz uzt$ztﬁ 9(B),B
gEGB t=1 i=1

2
E0—1

<BE Z Z Z Uit Lit

gEGBt L ¢2(B)=g

/{70
—0<NT2>’

where B satisfies || BgH < B for any g € GP. Assumption 1(4) implies the existence of such

B. Thus, by the Markov inequality, we have

0
RIS D 3D W (T LI S L
QGGBtlzl HonB)" = gJuitie gBLE P VNT )

We also observe that by the Cauchy-Schwarz inequality, we have

2
k—1 KO—1

NT Z k-1 Z“ Z By )5

2

1 N L= 2 | N KO—1
=\ w7 ; (k 1 2“) WZ > b5

By Assumptions 3(7) and 3(v), we have
N k—1 2
1 1 1
E - . — _
NT & (k—128:1““> © <Tk:>
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and

1 N (k-1 K0—1
!/ 20
10 o] D o7 I I U o s
=1 t=1 =1 t=1

_o(’;?),

where B satisfies || 37> < B for any g € GP. Assumption 1(ii) implies the existence of such
B. Thus we have

k—1 k0—1 \ﬁ
kO
0 _
NT Z E—1 Zu” Z itﬁg?(B),B =0p (T\/E) )

For the third term, we again use the Cauchy-Schwarz inequality to obtain

2

1 N k0-1 1 k—1 -
NT ; tz_; Uitk 1 — xz‘sﬁg?(B)’B
1 N [K0—1 2 1 N 1 k—1 2
(S ) (5r (e S etshons)
i= = i= 5=

By Assumptions 3(i) and 3(v), it holds that

2

and

1
<BE (

i Tal ) -o(3).

where B satisfies [|5)|]> < B for any g € GP. Assumption 1(i) implies the existence of such
B. Thus we have

KO—1
Z Z Uitz waﬁoo(B (@) .

We now consider the fourth term. Another application of the Cauchy-Schwarz inequality

gives

A ’
<NT Zk—1;“” wag(B )

=1
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2 2
ko 11 l<: e =,
< Z(k_lzuzt> Z _1szsﬁ 9(B),B
=1
By Assumptions 3(i) and 3(v), it holds that

o1 1 = 0
E\ w7 2<k1;“t> :O<Tl<:>’

1=

and

2
KO —1
E\ w7 Z( _123323500(3 )
1 KO
k—l;xisx;‘S):O(T)’

KO —1

<BFE
- ( NT =

where B satisfies [|5)|]> < B for any g € GP. Assumption 1(ii) implies the existence of such

B. Thus we have

ko k—1 k— 0
= —12“” Z o =0 (7).

To sum up, we have

K—1 N \F
K VEO VEO kO
u; ! =0, + + +
NT;; b5 b (WT VG T T\/E>
VEO kO
=0 | ——+—|.
T TVk

Next we consider

-1 N k9—1

N
1
Z Z Uitk B$zt & Bﬁgl (B).B = NT Z Uitxgtﬁgi(B),B

t=1 =1 t=1 =1

1 N k—1 k9—1
NT Z E—1 Zu Z ‘T;tﬁgi(B) B
=1 s=1 t=1

N K9—1

TS zxwﬁgz )5

z:l t=1

k- k0 X
+ NT k—1 Zult szsﬁgl B) B-
i=1 t=1

1=

The first term is

K0—1 N k0—1

NT Z Zultwlt’@gz = NT Zﬁgz(B B Z ‘rltuzt

t=1 i=1
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2
E0—1

1 N N
< (N Z Hﬂg,-(B),BHQ) NT?2 Z Z :Eltuzt

i=1 || t=1
]{:0
(7).

where the first inequality is the Cauchy-Schwarz inequality and the second inequality follows

by that Assumption 1(7i) implies Zfil 1Bg:(5),B8II°/N < C for some C, and Assumption

3(7) together with the Markov inequality implies 3" | HZ?O g, /(NT2) = 0,(K°/T?).

Thus we have

/
ultl‘Zt/Bg'L(B)aB = O
1

L K0—1 N (\/@)
; P\VT )
t=1 i=

We also observe that by the Cauchy-Schwarz inequality, we have

Z:(

By Assumptions 3(i) and 3(v), it holds that

2
E0—1

k—
Z Uis Z :Uztﬁgl (B),B
k—
X

2
1

<
—“\NT

Mz

1 & b 1
? NT( 2 ) =0(7).
and
1 N (k-1 2 k0—1
E NT; 2 x;tﬂgi(B),B <BE ZZ: anxlt

%0
=0
(7)
where B satisfies || 55> < B for any g € GP. Assumption 1(ii) implies the existence of such
B. Thus we have

k0—1 N
NTZk—IZUZSthB‘% (M)

For the third term, we again use the Cauchy-Schwarz inequality to obtain

2

NT Z Z Wity Zmlsﬁgz
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2

N L= 2
=1 s=1

By Assumptions 3(7) and 3(v), it holds that

IN
Z‘H
N
™
(]
§

and
N k—1 2
9 9] (S SR )
1 - 1
<BEFE Z Z TisThg = -1,
k—1 T
where B satisfies [|3)|]> < B for any g € GP. Assumption 1(ii) implies the existence of such
B. Thus we have

N K01 0
! Z Z Uzt szsﬁgz (B),B = (ﬁ) .

zltl

We now consider the fourth term. Another application of the Cauchy-Schwarz inequality

gives

01N k—1 2
< Z kE—1 Zu’ Z"Ezsﬁgz (B), B)
i=1 t=1
N k—1 01N = / 2
P () ) (S (2 s

1=

ko—l

By Assumptions 3(i) and 3(v), it holds that

E kN;lz< _121%) :0@;{),

and
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where B satisfies [|3)|]> < B for any g € GP. Assumption 1(ii) implies the existence of such
B. Thus we have

Z E_1 Z“lt szsﬁgz(B <TkjE> )

To sum up, we have

-1 N
1 ) VO VRO RO
— Uit k. BT , =0 + +
R0 ) SHVENER p<T G L.t
VEO KO
:Op — + .
T TVk
We then consider
K0—1 N
E:EIWMB E:%ng
t=1 =1 s=kO
-1 N
Z uzt Z xzs/BO
t=1 i=1 s=kY
Zk—lzu” Z}xw 99(A),A
s=k

Following the similar arguments as above, for the first term, we have

N R K0(k — k9)
0 —
Z 1uzt Zmzsﬂ P( T\/E )

zlt sko

The second term follows

N
Zk—lzu” D IR P (m)

s=kV
To sum up, we have
K'—1 N
S S v 3 8y =0, (L KV
T &t 8k0” D\ Tk
We then consider
-1 N k-1
DB BUTE D SECA T
t=1 i=1 s—ko
1 -1 N
7 > S Z 10,
t=1 i=1 S= k;o



-1

NT : k—12“’t Zx

i=1

s=kO0
Similarly, for the first term, we have
N k9—1
KO(k — kV)
0
x - )
NT;; Zt Z ish 97(B),B p( TVE )
and for the second term, we have
k-1
KOk — kO
0 _
e D s -0 ()
t=1 s—ko
To sum up, we have
-1 N
kO(k — kO KOk — kO
37 2 sy 3 s =0, (YL R,
t=1 =1 T\/%
Next, we observe that
| k1N L=
NT “it,k,Bxét,k,B/BS;)(A),A =NT Z“Zt%tﬂ o(
t=k0 i=1 t=k0 i=1
;N k-1 k-1
0
T NT Z kE—1 Uis Z ;tﬁg?(A),A
=1 s=1 t=kO0
N ket k-1
D IPI 2 TP
=1 t=kK0
k: k

vk —kO

! 20

Uitxitﬁgo ),A Z Z Z gz Uzthtﬁ 0(A),A = Op < :
NT & & T S GhS VNT

vk —KO
uiszw;tBOOA A=O0p | ——F |-
NT < k—1 9; (4), T\/E

For the third term, using the Cauchy-Schwarz inequality and Assumptions 1(ii), 3(7), and
3(v), we have

N k-1 k—1
TIPS T IR A CLS
NT AR IO U
=1 t=k s=



The fourth term follows

0 N k—1

kE— KO

To sum up, we have

t=k0

JNT | TVE T vk

o [(VEZR Rk
=0, | Y52 vk

Similarly, we can derive the order of the following term as

1 k-1 N 1 k— N
7 O Z it b, BT 1,55, (4).4 =37 Z > windy By, a),a
t=k0 i=1 t=k0 i=1
1 N 1 k—1 k—1
— N D T D tis D TitByay.a
=1 s=1 t=k0
N k-1 k—1
1 1
- ﬁ Z ultk 1 x;S/BQz(A)yA
i=1 t=k0 s=1
o0 N kel =y
NT k-1 Z“”k 1 ;%ﬁ%@“%“
o - -

k—1 N
! \/k k0 \/k %0 \/k—k‘o k—k‘o
Ni Z Zuitvka$;t,k,B62?(A)’A :Op < + +

+ +
T\/E T TVE

We then consider

:]1[ 1 .
tNT Z k—1 Z““ﬁ z_: TiaBgh ) a

Following the similar tricks as above to analyse each of the two terms and summing them up,

we have

1 k=

N kK0—1
KO(k — KO)  (k©)3/2
Zuit,k,B Z l‘zsﬂo =0p ( ( ) + (+) ) :

1
t=k0 1=1 T\/E Tk
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Similarly, we can obtain that

1 k-1 N k0—1
N*ZZ itk,B Y Z%g(B
1 1;—1 ; E0O—1

TNT >t Z TisBy0 (),

il
B
(=}
.
Il
—

k9—1

—1 1 — 1
2 T ;“k_l > B

s=1

o ()

TVk Tk

We then consider the following term:

1 I 1 LN
N;Z it,k, AT ztkA (A),A :ﬁzzuiﬂgtﬁgg’(ﬁl),fl

t=k i=1

1 N
ZZ th k+1zxzs/800(A
i=1 t=k

T T
T—k+1 1 1 Do
tTTNT ;T—kJrl;u”T—kJrl;x”Bg?(A)A

The first term is
1 T N 1 T N Tk
/' 10 /20 —
NT Zt:k Z“ uariBgpaya = N QZEGB Zt:k le = 9uaitBp .0 = Op ( VNT )

The second term is

N

T T
1 1 . 1
NT Z T—k+1 Zuiszx;tﬁg?(fl),fl =0p <T> :
i=1 s=k  t=k

For the third term, we have

T—k
ZZ th k—FleZSﬁO (A),A — <T>

zltk

The fourth term follows

T T

N
T—-k+1 1 1 o B T
N T ST S =0 ()
= = .
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To sum up, we have

N
/ 0 o (VT—k 1 T—k\ Tk
ﬁ tz_; ;Uit,k,Bl'it,k,Bﬁg?(A)’A —Op <\/m + T + T — Op .

Similarly, we can obtain

T N
1
T Z Z Uitk Af’fue k,ABgi(A),A “NT Z Z Uitwgtﬁgi(A),A
t=k i=1 t=k i=1
1 N
NTZT k+1 Zuwzx%tﬁgz (4),4
=1
1 L& 1
/
“NT ZzuitiT 1 insﬁgi(A) A
i=1 t=k s=k

N T T
T—-k+1 1 1 ,
NT ;T—k—l—ltZkUZtT_k+1§xingi(A)A
VI—k 1 VT—k Tk
=0y = =0, T .

+ -i-
VNT T
Now, with the order of each term in (S.5) readily there, we can obtain

Q(k777ﬁ> - Q(kaf)/?ﬂ)

VEO kO KOk —k9)  kOVE—K0 VE—K0 k—K°
=0, + + - +
T TVk TVk Tk T

N (k0)3/2 N T — k
TVk Tk T )

Noting that k* = O(T), T — k = (T), k = O(T), we have

vT

Cases of k < k® and k = k¥ can be analyzed in analogous ways and we obtain

~ 1
ka 9 - ka ) =0 =
e Q(k,, ) — Q(k,y ﬁ)‘ b (\/T)

Q%mﬁ%*@h%ﬁ%ﬂ%<11>.

O

Lemma S.7. Suppose that Assumptions 1(ii), 1(vii), 3(i)-3(vi) and 3(ix) hold. We also let
€l <k < (1—€T) fore>0 in Assumption 1(vii). Then, we have that

(1) max e mingegs

5273 - B@BHZ = Op(l/\/f):

(2) maxgega mingega

ﬁ;A - B@AHZ = Op(l/\/f)a
(3) (k— k0)/T = 0,(1/VT).
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Proof. From Lemma S.6, we have

Q25 =28 +0, ()

<Q(k°,7°,8%) + O, (\/1?) = QK 1%, 8% + 0, <\/1T) .

Because Q(k,~, 3) is minimized at (k°,~°, %), we have

IR N ~ 1
k.4 7% 8% =0 () :

Q(k,4,8) — Q(k°,7°,8°) = O, Nix

Let ayr = Q(l%,’y,,@’) — Q(ko,fyo,ﬂo). Note that ay7 = O, (l/ﬁ)
Consider the case in which k& > k9. We observe that

Q(k, 7, 8) — Q(k°,7°, 8%)
-1 N k— 2
0
NT Zl - ( Lit k,B 5 9(B),B 5gi(B) Z Lis 6 9(A),A 59?(3)73)>
t 1= s=kO0
1 k—=1 N AU 2
0
ﬁ Z ”kBﬁgo(AA B!hB)B Z zsﬂ ),A BOB)B)
t=k0 i=1 =1
;| TN
Z > (@i pa (8 0(4),4 Byi(a),4))°-
t:k =1
We examine each of three terms on the right hand side.
The first term is decomposed into
| KN = 2
0 0 0
NT tzl 21 (xét,k,B(Bg?(B%B — Bg(B),B) — F—1 Z{)x;s(ﬂggmm - gg(B),B)>
= 1= S:k’
K-1 N
1 2
=NT > ( Tit i B(/Bg — By.(B) ))
t=1 i=1
1 N 1 k-1 k0—1
0 0 0
B zﬁ Z k—1 mgS(/Bg?(A),A o ng(B),B) <x;t,k,3(5gg(3)73 - /Bgi(B),B)>
i=1 s=kO t=1

% Zl Z (x;t,k,B(ﬂgg(B%B - Bgi(B),B))Q
N
=NT >_ Ul (B) = gHai(B) = 5} 5805 — F5.0))°
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kK0—1 GB GB ,
27 Z prN(7,9:9) ||Be.5 — Ba.8|
t=1 g=1g=1
K0 —1 9
> G .
>~ max min |5, — By
We also observe that
1 K0—1 N )
’ 0
NT ; ; (mit»k73(6g?(B),B - Bgi(BLB))
KO —1

1 Y ,
* 0
PEN Z Hﬁg?(B),B - 591-(3),BH .
=1

The Cauchy-Schwarz inequality implies

1 1 0 0 0
NT - <k —1 Z)ng(ﬁg?(A)’A B g?(B),B) ; (x;t,k,B(ﬁgg(B),B - »392-(3),3))
1= s=k =
1/2
N K9—1 k—1
1 1 ' o0 0 2
S\ ~3rr-1 s L Zko (xis(ﬁg?(A),A - %(3),3))
1/2
N k-1 k-1
11 0 2
“\NTE-1 2 ("C;tvkawg?(B),B - Bgz-(B),B))
i=1 s—k0 t=1
1K -1 LA 2
_ — 0 0 2
- (NT k1 Z; 2<x§s(5g?<A>7A —Bym),B) )
1=1 s=k
1/2
1k — k0 LR 0 2
NT k—1 Z (xgtv’“vB(ﬁg?(B),B B BMB%B))
i=1 t=1

Assumptions 3(v) and 3(iz) imply that with probability approaching one,
1 ]{0—1 N . 0 0 ) (ko—l)(k?—k‘o) k/’—k‘o
NE T 2 2 s~ Sy < (gl ™) =0 ()

k—1
=1 g=kO
Similarly, we have with probability approaching one,

N k9—1

1 k- )
NT k—1 ZZ ( Ttk 5B ), /Bgi(B),B)) SC<

We also have

k1l 2
N; Hﬂgg(B)B _Bgi(B%BH ) :

k 1 N 1 k—1 2

— 0

NT Zl (k—l Zoxgs(BOA)A By (s) )) =0
1= s=k



Thus we have with probability approaching one,

A 2 0 /1 N
0 0
Y L Ao (¥ o
and
KO —1 L2 i
ngHelg)é Iélég BS,B—ﬁg,BH -

We now consider the second term.

1/2
R 2
—5gi(B),BH ) < anr-.

0 1 N . R ) 1/2
(N ; HBQ?(B%B - ﬁ_fh(B),BH ) <anr.

1 k-1 N 1 kK0—1 2
0 0
NT . Zl xét,k,B(/Bg?(A%A - Bgi(B),B) + E—1 Zl xés(ﬂgg(A) AT /Bg?(B),B)
t=kV 1= s=
k-1 N
1 2
“NT Z ( Lit,k,B 5 o( - ngi(B),B))
t=k0 i=1
9 k-1 N 1 kK0—1
0 0
NT A Zl ( ;th /8 99(A),A Bgi(B),B)> kE—1 Zl x;s(ﬁg?(/}) AT Bg?(B)Jg)
t=k0 1= s=
1 k-1 N K0—1 2
0
TNT > k 1 is(Bypiaya = Bgomym) | -
t=k0 1=1 s=1

‘We observe

k-1 N
1 2
ﬁ Z ( Lit k,B 590(,4 522(3)73 + 501.(3)73 - 5gi(B)7B>>
t=k0 i=1
k-1 N
1 2
ﬁ Z <x;th 6 o( A_ﬁgi(B),B))
t=k0 i=1
9 k—1
ﬁ Z ( it,k,B(ﬁS?(A) AT 581-(3),3)95%,1@,3(521-(3),3 - /Bgi(B),B)>
t=k0 i=1
k-1 N
1 2
TNT > ( itk,5(Bgy(B),5 — Bau(B), )) :
t=k0 i=1

By Assumption 3(vi) we have

N
Z( zthﬂo

=1

N
—_

1

NT
t

2
0
o ﬁgi(B)vB)) = T

Il
oy
°©

It also holds by the Cauchy-Schwarz inequality that
k—1 N
2 0
ﬁ <zthﬁO A_Bgi(B), ) zth(/B
t=k0 i=1
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1 k—1 2 2
>—2 (NT > ( it o8 (B (a4 — 5&-(3),3)) )

t=k0 i=1
= , 1/2
(NTZZ(;““B gi(B — Bou(), )) ) .
t=k0 i=1
By Assumptions 3(v) and 3(iz), with probability approaching one,
k—1
1 0 0 2 E—kO

NT 2.2 <$§tvka(ﬁg9<A>,A B ﬁng),B)) <C < T )

t=k0 i=1

It also follows that

E

-1

% i( it 1, B gl (B),B — Bgi(B),B)>2 <C (k K1 ZH@S )8 — Bg:(B).B) H >

t=k0 i=1

Il
e

We also have

-1 k0—1

1 1
ﬁ Z m Z xgs(BS?(A)A - 68?(B),B> > 0.

t=k0 i=1 s=1

E

Il
B

Thus, with probability approaching one, we have

E— k0 0 (1 N ) ) 1/2
T m=C T (N ; "522'(3)73 B Bﬁi(BLB)H ) < anNT-

We then consider the third term. We observe

T N
1
NT Z Z(mgt,k,A(ﬂgg(A),A - 591-(14),14))2

tTkin: GA N

TZZZZl{gZ ) = gH{gi(A) = GH (1 (B9 4 — Bya))?
t=k g=1 g=1 i=1

T GA GA

lZZZPFNt f}/vgg HﬁgA /BgAH

t=k g=1 g=1

I

'ﬂ

by Assumption 3(iii). We thus have

T N
1 T—-k+1
NT ZZ Tyt kA 5 0(4),4 — Byiaya))’ = ——Pr max min 185 4 6§,AH2-

ok il geGA geGA
Moreover, Assumption 3(iv) implies
T N
1 T—-k+1,1
WZZ it k, A 5 o —591-(,4),,4))2 7 Pry Z”ﬂgg(/x),/x — By, all*.
t=Fk i=1 i=1
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Thus we have
1N
N ZWS?(A),A — By ay.all® < Canr.
i=1

To sum up, for k > kO it holds that with probability approaching one that

- 1/2
o1 1 & . > bk 1, . 2
T pFN Z Hﬁgg(m,g - ﬁfu(B),BH -C T (N E HBg?(B),B - 5@(3),3” < anr,
i=1 i=1

EO—1 ,
,OF max 1min
T geGB GeGB

R 1/2
o2 kK1 . >
BS,B - 653” -C T (N Z HBS;)(B%B - 5@(3),3“ > < anr,
i=1

k — kO T AN 2\ /2
T m—C T <N;H59i(3)73_5gi(B)7B)H) < anT,

max min

. 2
0
Bg.a — B3 BH < Canr.
geGA geGA 9.4 o

N

1

ﬁ ZHBSQ(A),A - ﬁgi(A),AH2 < Canr.
=1

Similarly, for k> kY, it holds with probability approaching one that

~ 1/2
T—k041. 1 a0 . 2 Wk (1, . 2
N D Hﬁgg(A),A - ﬁmA),AH Oy 2 Hﬁgg(A),A - 5gi(A),AH < anr,
i=1 1=1

T—k'+1 )
—_— max min
T Pr gEGA GeGA

N 1/2
o2 K-k 1 Y . 2
52,,4 - 5§,AH - CT (N Z Hﬁglo(A)’A - 5gi(A),AH ) < anr,
i=1

~

. 1/2
KO — i K-k 1 2
r m—C——F (N > H@-(A),A - 5gi<A),A)H ) < anr,
=1

~ 2
: 0
sy iy | o P | < Cawr

N

1

N 2”529(3),3 - ﬁgi(B),BH2 < Canr.
i=1
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They imply that

k ;ko _Op(aNT) =0, <1T> ,
N
Jb; H/B‘S?(B)’B - Bg"(B)B : =0p(anT) = Op <1T> )
;2%% grgé% By.s — ByB|| =Oplant) = Op <T>
Lo~ [ 40 X 2 .
N ; Hﬁg?(A),A — By(ar.al| =Oplant) = 0, (T> 7
COA GegA B9 4 — Bga| =Oplant) = O, <T>

O]

Lemma S.8. Suppose that Assumptions 1(ii), 1(vii), 1(viii), 3(i)-3(vi), and 3(ix) are sat-

isfied. We also let €I < k < (1 — €T') for € > 0 in Assumption 1(vii). Then there exist
N 2

permutations op : GB +— GP and o4 : GA — G4 such that Hﬁng — 503(9),BH = Op(l/\/T)

. 2
for any g € GP and Hﬁg’A - IBJA(g)’A” = Op(1/VT) for any g € GA.

Proof. The proof is exactly identical to that of Lemma 3 in the main text and is thus omitted.
O

By relabeling, we can set op(g) = g and 04(g) = g. We use this convention throughout
the paper. Thus we have Hﬁg,B — ﬁgﬁHQ = Op(l/\/T) for any g € GB and HBS,A — Bg,AHQ =
O,(1/V/T) for any g € GA.

Let NV be a neighborhood of 3° such that HﬁS,C — 59’CH < n for n > 0 for any g € G and
C = B, A. Note that we will take 1 small enough by considering large N and T by Lemma
S.8. Let k= TlogT + k° and k = —/TlogT + k°. Define K = {k: k < k <k}.

Lemma S.9. Suppose that Assumptions 1(ii), 1(vii), 1(viii), 3(v) and 3(iz) hold. We also
let €T < k < (1—€T) for e > 0 in Assumption 1(vii). As N,T — oo with NT~° — 0, it holds
that

Pr(4(k, B) # +° for some k € K and B € N) — 0.

Proof. To show Pr(§(k, ) # +° for some k € K and 3 € N) — 0, it is equivalent to show
that

L, SUp 1(9i(B) (K, B) # g2(B) or gi(A)(k, B) # g2(A)) = 0,(1).
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We observe that

max ;telﬁrkneaxl(gz( )(k, B) # g?(B) or gi(A)(k, B) # g} (A))

k—1

T
2 / 2
= max sup e 1< Wit kB = Tig o, 5B95)° + D _(Yitk,a — Tit . 5Bga)
LSISN GeN (94,95)€GP xGA\{g?(B) 60 (A)} ; ' e tz; Z ' !
k—1

o~
I

T
2 2
<D Witk — l’gt,k,Bﬁgg(B),B) + Z(yit,k,A - x;t,k,Aﬁgg(A),A) >
1 =k

k-1 k-1
< max sup max 1( (Yit.k,B — Tiy 1 B )2 < (Yitk,B — Tig 1. BB (B B)2>
1<i<N geN (95)€GP\{g)(B)} ; Z T = it,k,Bg} (B),
T T
+ max sup max 1( Wit d — T BBoa)> < Y Wit e,a — Ty, it 1, ABg0(4),1) )
LSISN Be (94)€GA\[g?(4)) ; l T ; Z " )
We first consider cases with k > k0. Let
k—1 k—1
2 2
d=) (Yitks - x;t,k,B/BgB) - Z(yit,k,B - Jfét,k,B gg(B),B)
=1 t=1
k0—1

KO—1
’ 2 / 2
- Z (Y0, — :Eit’kO,B/BgB) + Z (Yith0,B — xit,k07B/Bg?(B),B) .
t=1 t=1

With some algebra, we can rewrite d as

2
kK0—1
1
d= Z zt k, B B 0 - 593) + m Z xés(ﬁgg(A),A - 53?(3)73) + Uit k,B
t=kO0 s=1
k—1 1 E0—1 2
- xi’t,k,B(ﬁS?(A),A - Bg?(B),B) + m Z x;s(ﬁgg(,q) AT ﬁg?(B),B) + Uit k,B
t=k0 s=1
K0—1 [ k! 2
+ (-T;t,k,B(BS?(BLB — Bgp) — —1 Z (ﬁ 0(4),A 52 ) + Uit,k,B)
t=1 s=k0
K0—1 1 k—1 2
(x;t,k,B(ﬁgg(BLB — Byom).B) — 1 Z x; (/3 0(4),4 58 Bt uz‘t,k,B)
t=1 s=kO
K0—1 KO—1
N (a ;t,kO,B(ﬁg?(B),B — Bgg) + i g0 )? + Z (f”gt,kO,B(ﬁg?(B),B = Boo(m),B) + Uit ko,B)°
t=1 t=1
:(ﬂg?(B),B - ﬁgg)/ Z xit,k,Bx;t,k,B(Qﬁgg(A),A — Bgp — /629 B),B)
t=KO
k—1 1 K0—1
-2) (mgt,k,B(ﬁ 0(B),B 595)) 1 > 15(50 ), A 52 B)
t=KO

s=1
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k-1

-2 Z (mgt,k,B(ﬁ 9(B),B 593)) Uit k,B

t=k0
k0—1
0
+ (ﬂgz (B),B — Bys) Z (xit,k,Bmét,k,B - xit,kO,Bx;t,kO,B)(25gg(3)73 — Bop — 599(3),3)
t=1
kO—1 L k!
0 0
—2 Z ( ztk;B 0(B 693)) (_1 Z:O‘T/iS(’Bg?(A),A - ﬁg?(B),B>>
s=k
kso—l K0—1
+2 Z .10, 5(Bg0(3),8 — Bop )it ko5 — 2 Z it k,8(Bg0(3),8 — Bop )it e, B-
= t=1
We also note that
K0—1 K0—1

/
Z xit,kO,B 99(B),B BQB) it,kO,.B — Z fcztk; B( 9%(B),B /BgB)uz't,k,B
t=1

/
E0—1

1
:(ko —1) 20— 1 Z Lis W0 _1 Z Uis 9(B),B — 593)
= " K01
+ (k 1 xz‘s) Z Uit 9(B),B ﬂgB)

)

k—1 !
—(/{70—1) (k‘ilz zs) ( _1ZU15> 9(B),B — Bgs)-

s=1

B
M
8
/\
M”

By Assumption 1(ii) and the Cauchy-Schwarz inequality, it holds that for there exists a

universal constant M that

k—1 k—1
(/8 g BQB Z Lit,k Bl‘n k, B(25 0(A),A BgB - 52?(3)73) <M Z xit,k,Bu’U;‘t,k,B
t=k0 t=kO
k-1 1 K01
0
Z (l‘;t,k,B(ﬁg 0(B),B BgB)> P Z %s(ﬂ A B 0(5),5)
t=k0 s=1
1 k—1 K0—1
SME Z Tit,k,B Z Lis || »
t=k0
k—1 k—
> (l’ét,k,B(ﬁ 9(B),B B;m)) Uit k,B Z itk Buit kB,
t=k0 t=k0
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E0—1

/ / / 0
Bop().5 = Pon) (it BTit 1,5 — Tit ko BTir k0, 5)(2650(3) B — Ban — Bgo(m),8)
t=1
k0—1
/ !
=M Z (:UitvkaﬂUit,k,B - xit,ko,Bajz‘t,kO,B) )
t=1
k0—1 ) k—1
/ 0 0
Z ( zth g 9(B),B 593)) <k:—1 Z CCis(ﬁg?(A)A - ﬂg?(3)73)>
t=1 o—kO
1 ko_l k}—l
Mo |1 D ik || D wisl|
t=1 s=kO
and
kO—1 KO—1
/
Z Tl 0,5(Bg0(8).8 = BonVivko 5 = D Wi nByp(m).5 — Bos it
t=1
< k9—1 K9—1 k—1 k01
0 _ Z Lis Z Ujs 7 ins Z Uit
k 1 1 s i

K01 | k-1
s Zm Zuw *1)2 S | [ wi )
s=1

Thus we have

k—1 1 k—1 k0O—1
/
|d]| §2M< Z TitkBLitkB|| T 37 E Tit k,B Z Tis|| + Z it k, Bt k. B

t=k0 t=k0 t=k0

kKO—1 1 K0—1

/ /
+ E :(xit,hB”«"it,k,B — Tit ko, BTy o p) || + k—1 Z Tit.k,B Z Tis
t=1 t=1 s=kO

kK01 kK0—1 K0—1

k—1
— 1 Z Tis Z Uis + 71 ZI'Z‘S Z Uit
s=1 t=1

T |t k—1
+ m Z xit Zuzs 71)2 Z‘T’Ls Zuis )
t:]. S:l 521
<2M< > i piens] + Z il g || S i
t=KkO0 t=k0 s—1
E—l kO_l
+ Z |zt e Bk, B + Z (it b, BTt .5 — xit’ko’Bx;t’qu)
t=k0 t=1
E0O—1
Z it k5]l Z sl

s=k0
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kO—1 EO—1 k9—1

Z [|:s]| Z Ujs Z 3| Z Uit

K9—1
Z [zt Zuzs 122||5L'ls|| Zuzs .
k 0

Let My = T'*/logT. Under Assumption 3(iz), we can apply inequality (1.8) in Merlevede

et al. (2011) which is based on Theorem 6.2 of Rio (2017) with A = (k — k%) My = T3/ and
obtain

k-1

Pr ;; Z Hxlthl’zthH - (Hxit,k,Bmét,k,BH) > Mr
t=kO
d/(d+1) 156 2 24/ (d+1)
<4 exp ( °8 ) + 16C'Mf1 exp <—a o
),

where d = d1dy/(d1 + d2) and C' is a positive constant. Noting that

k—1

1
0| 2 Ellwnrneisl)
t=k0
converges and My — oo, we have
1 k-1
Pr E_ kO Z Tit kBT B|| > M1 | = o(T~°%)
t=kO
Similarly, we have
1 k-1
Pr . Z%th > My | = o(T™°),
t=kO
and
1 k-1
br k— Z Tit ko, BUit e,5|| > Mr | = o(T70).
t=kO

Inequality (1.8) in Merlevede et al. (2011) also implies that uniformly over k € [k°, k],

k-1

1
P - . T1/4 _ T—5
(P Dbl = 1) <ot

1
P -
r(k—l

and

k—1
5 Usjs
s=1

>1’1M>::0075)

o1



Lastly, we have

k0—1
. / /
(xzt,k,Bf’?it,k,B - xit,kO,Bxit,kO,B)
t=1
k0—1 - k—1 k0—1 k—1 —
:—*anwa— _12%2%# Qszthw
kO 1 kO 1

- Z%Zw

Thus we have

k0—1
) ! !
(fﬂzt,k,BfUit,k,B - xz‘t,kO,BiBit,ko,B)
t=1

1 4 = k K
1 Z [z Z [|is | + 2 Z [l Z [[2ss]|
t=kO0 s=1
K0O—1 E0O—1 E0O—1

Z [t | Z s TS D = 1) Z it | Z [[is] -

Following the argument based on inequality (1.8) in Merlevede et al. (2011) indicates that
1 K0—1
Pr( 5 || Y @itk BTi g — Titgo 50 5)|| > Mr | = o(T?).

0 _
kO —1 | =

This implies that there exists a sequence such that Cp = O(Myp) and Cp — o0 as T — o0
such that

1 kKO —k _
Pr (ko!d| > k;OCT) =o(T79).

By a similar argument, the above bound holds for k£ < k.
Next, we consider the main term. This term can be considered in a similar way to

Bonhomme and Manresa (2015) and Okui and Wang (2021).

KO—1

/ 2 / 2
Z ((yit,kO,B - xit,kO,Bﬁ%B) — (Yitro,B — wit,ko,Bﬂgg(B),B) )
t=1
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EO—1

= > 20 5%t 10,5 (Bg (), — Bo.B)
P
KO—1

T Z (Bg?(B),B - BQ’B)/xit,ko,B:U;t,ko,B(QBSQ(B)B B 90(B),B — Bg,B)
t=1

E0—1

_ 0 40
—E 2uit,k0,Bxit,k0,B(/BQZ_U(B),B .5
=1
E0O—1

+ Z 2uit 10 BTt k0, B(Bg0 (B),B — Bg.B 5 oB),B T ﬂSB)
t=1
KO—1

0 0 / 0 0
+ Z (Bg?(B),B - Bg,B) xit,ko,Bmz’t,kO,B(ngg(B),B - ﬁg,B)
t=1

E0—1
+ D (Byos). — Bo.s — By, + By.8) Tit ko 55 k0 5(2850 3y 5 — Bed ()5 — Ba.B)

k0—1

0 0 0 0
+ Z (69?(8)73 - 597B)I$it,k°73m;t,k°,3(59?(3)73 — Boo(s),B — Pg.B + Bo.B):
t=1

By the Cauchy-Schwarz inequality, Assumption 1(7i) and the definition of A/ imply that

kKO—1
Z 2uit,k0,Bxit,k0,B(B 9(B),B — By, ﬁ 9(B),B + Bg, )
t=1

kKO—1

+ Z (Bg?(B),B - 59, /3 O(B B + Bg B) Ty kO,Bmgt,kO,B@ng(B)’B - Bg?(B),B - /Bg,B)
t=1

k0—1

+ D By — Bo.8) T 55 k0 5B )5 = Bop(m),8 = Bo.b + Bg.p)
t=1

K9—1 k9—1
/
<nCy E Uir k0 BT k0, B || + NC2 E Tit k0, BT 0 B|| >
t=1 t=1

where C] and (5 are constants independent of  and T'.

We then have

k—1 k—1
1 ( Z(yit,k,B - x;t,k,B/Bgi(B),B)Q < Z(yit,k,B zt k, BB 9(B), B)2>

t=1 t=1
K0—1
/ 0 0
<1 ( Z 2uit7k0,B$it,k0,B(/Bg?(B), g, B)
t=1
KO—1
! 0 0 2
<-= Z (xit,kO,B(Bg?(B%B - ﬁg,B))
t=1
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kO 1 ko 1
/
+nCh E Uit k0 BTt k0, B || + NC2 E Tyt k0, BTy g0 ||+ 1d] ]
=1 =1

Note that the right hand side does not depend on 3. Thus, we have

k—1
Pr max 1 ; — x, ) 2
<gBe<GB\{g?(B)} (tzl(y””“’B itk.50g:(8),)

k—1
<Y usn ~ sy )) #0)
t=1

k0—1
-y Pr(zzuit,ko,Bx;t,ko,Bwgg(B),B— »

9€GP\{g} (B)} t=1
KO—1
<- Z (x;t,kO,B(/BS?(B),B - 52,3))2
t=1

k:O 1 kO 1

/

+nCy E Uit k0 BTt k0, B || + NC2 E Tit k0, BTt o g || T 1d]
t=1 t=1

kO—1
0 0
<Y m ( S S 570 0o, — H)

9€GP\{g7 (B)} =1
E0—1
< = Z (x;t,kU,B(BS?(B),B - 2,3))2
t=1

kO 1 ko 1

/

+nCh E Wi 10, BTt 10, B|| + 1C2 E Tit k0 BTt 10 || + ||
t=1 t=1

kO 1 %
c
Z (Pr 70 Z Tit k0, B 5 o( —Bep))? | < 2)

gGGB \{g? (B)}

kO 1 1 K0—1
/
70 Z Uit k0 T p0 || = M | + Pr 70 Z it k0, BTy o g|| = M
t=1

1 —k
(ko CT)

k9—1 " 0
c k' —k
+P <k0 Z 2u2t k0 B:U”Lt kO, B(ﬁ o — S,B) < —5 +7’]01M+7’]02M+ kOCT))v
where we take ¢’ = ¢ x p¥, for ¢ in Assumption 1(viii).
We observe
ko 1 1 K0O—1
PI' ko Z xlt kO Bmzt kO B 2 M S PI' @ Z ‘ xit’k073x2t7kO’BH Z M
t=1
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1 kK0—1
/

:PI‘ @ E xit}k()’Bxit,k‘O,B Z M
t=1

We then apply Lemma S.5 with x;t,kO,B‘/Eit,kO,B — E("E;t’kO’Bﬂjit,ko,B) as z¢ in the lemma. Com-
bining with Assumption 3(iz) and the fact that Zfi;l E(a), 10 gy o 5)/k® converges, we
have

k9—1
1

%0 Z xit»kO,Ba:;t,kO,B >M|]=o ((ko)_5> =0 (T‘5) ,
=1

Pr

where the last equality holds by Assumption 1(vii). Similarly, noting that Zfi;l E Huit’ko, BTit 0. B H /K°
converges, Assumption 3(iz) implies

k0—1

71 J—
Pr 10 Z Uit 10 BT k0 B|| = M | =0 (T 5) .
=1

Moreover, a similarly argument shows that under Assumption 3(iz), Lemma S.5 implies
K9—1

k9—1
1 0 0
Pr 70 2(95;15,1@0,3(59?(3),3 -
t=

1 c//
g,B))2 T30 Z E((x;t7kO7B(IBSZQ(B)7B - S,B))z) > )
t=1

which in turn implies that under Assumptions 1(viii) and 3(v),
K9—1

1 ! -
br K0 Z (:E;t,kovB(ﬂg?(B),B —Bgp))? < 5 | = o(T~0)
t=1

uniformly over g. We have shown that Pr((k°)~!|d| > ((k° — k)/k°)Cr) = o(T~°). Note that
(k° — E)/E9Cr — 0 because My = o(~/T/logT), k°
Lastly, we consider

O(T) and k¥ — k = O(\/TlogT).

K0—1
! 0 0

E Uit,kO,B%,kO,B(593(3),3_ 9.8)

t=1

K0_1 KO—1 kE0—1
_ (R0 0
—E uztmit(/@g?(B),B_ B)+

t=1

1
k0 — 1 Z Uit Z x{it(ﬁgg(B)’B - BO,B)'

t=1 t=1
By the argument based on inequality (1.8) in Merlevede et al. (2011) and Lemma S.5, we
have

I - 5
Pr ko—]_tzluit>c :O(T)
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for any ¢ and

EO—1
1

Pr 01 Z $§t(529(3>,3 - ﬂS,B) >Mr | = o(T_‘s).
t—1

We also note that E(uixi) = 0. Thus, we can take 1 small enough and also T' large enough

such that

K0—1
1 0 0 o KO —k
Pr (ko tzl 2uit7k07Bx{it,k0,B(Bg?(B),B — 5 ,B) < —5 + 7]ClM + UCQM + kO CT

K0—1

1 C//

<Pr (ko Z 2uit,k0,Bx;t7k0,B(6210(3)73 - BO,B) < _4>'
t=1

This probability is also o(7~°) uniformly over g under Assumption 3(iz) by Lemma S.5
following a similar argument to those discussed above.

It thus follows that

k—1
Pr max 1 ; — 7 _ 2
<gi(B)EGB\{g?(B)} (;(y t,k0,B zt,kO,Bﬁgz(BLB)

k—1

< > (Aypro — $2t7ko’35gi0(3)73)2> + 0> = o(NT™°).
=1

A similarly argument shows that

T T
P 1 itk A — T, . 2 < it A — AT 2) 0

r(gaA)e«%a\}?g?(A)} (;(y koA = Titie AP 4),4) ;(ytv’m Ttk AP (a),4)" ) 7
=o(NT°).

We use a similar argument for k& < k" and the proof is complete.

S.3.4.2 Proof of Theorem S.2

Proof. We observe that

Pr(k # k) <Pr(k £ k°, 8 € N') + Pr(B8 ¢ \)
<Pr(k#k,7=7"8€N)+Pr(y #7°,B € N) +Pr(B ¢ N).

First, Lemma S.8 and the discussion below it imply that Pr(3 ¢ ) — 0. Second we have

Pr(§ #+° 8 e N) <Pr(3(k, B) # ~° for some k € K and S € N, 3 € N) + Pr(k ¢ K)
<Pr(4(k, B) # +° for some k € K and 8 € N) + Pr(k ¢ K) — 0,

o6



by Lemmas S.7, S.8 and S.9.

We now consider the third term. We observe that

Pr(k # k°,4 =", 8 e N)

<Pr(k#k,9=7" 8N, ke K)+Pr(k ¢ K)

<Pr(k(y°,8) # K for some 8 € N, =1°, 3 € N) + Pr(k ¢ K)
<Pr(k(7°,B) # k° for some 8 € N) +Pr(k ¢ K),

where

k(1°, B) = argmin Q(k, 7, 8).

keK

Note that Pr(k ¢ K) — 0 by Lemma S.7. Note that k(1°, 3) # kO is equivalent to

Q2% 8) > min Q(k,7’, 8) = min (mln Q(k,7°, B), Inin Q(k, " »3))'

keK\{kO}

Thus, we have

Pr(k(7°, 8) # k° for some 8 € \)
<Pr <Q(kz0,’yo,ﬁ) > min Q(k,~°, 3) for some 3 € N)
kO<k<k

+Pr <Q(k0,70,5) > min Q(k,~°, 3) for some 3 € N) )
k<k<kO

Suppose for the moment that k < k < k. Noting that

Q(k,~°,B)
k—1 N T N
NT <Z Z Yit,k,B — ;t,k,B/ng( 2 + Z Z Yit, b, A — x;t,k,Aﬁg?(A),A)2>
t=1 i=1 t=k i=1
1 -1 N 1 E—1 2
— / 0 ’ 0 0
=== ; ; Zitk,8(Bgo(m)8 — Boo(m).B) — 17 z/;o s (B0 (a4 — gg(B),B))
—1 i— 5=
2 -1 N 1 k—1
Z Uzth <$zth(/B U(B Bgz B) B) E_1 Z 'CE’/LS(B(Q)?(A),A_’BS?(B),B)>
t=1 i=1 =0
L= ) BO_1 2
v 2 2 | e Bocn.a = Papamn) + 5= 2 % Gpcaa ~ Bjpiy )
t=k0 i=1 s=1
9 k—1 N 1 K0_1
+ NT Zuit,k,B x;t,k,B(/ng( 4~ By, B)+ T Z z5(60 v 52 )
t=k0 i=1 s=1

o7



T
1 0 )
TNT Z; Z(xgt,k,A(/ng(A),A — Bgo(ay,a))

t =1
9 I N
+ NT Z Zuit,k,A(xét,k,A(BS?(A),A - 5gg(A),A))
t=Fk i=1
]
+ﬁ Zuzt,kB ZZ Uit kA
t=1 i=1 t k=1
and
Q(k%,7", B)
1 K—1 N T N
:ﬁ Z (yit,kO,B - l‘;t,ko,Bﬁgg( 2 + Z Z Yit k0, A — x;t,kO,Aﬁg?(A),A)2>
t=1 i=1 t=k i=1
1 K-1 N 9
=7 2 2 (@hwo 5B 5 — Boes) ))
t=1 i=1
9 K—-1 N
W Z Uit kOB< gth(»B 9(B),B 59?(3),B)>
t=1 i=1
1 LN
2
8T 2 2 @inwo aBgpaa — By, a))
t=k0 i=1
9 I N
+ NT Z Z zt,kO,A(‘T;@kO,A(BS?(A)’A - Bg?(A),A))
t=k0 i=1
1 -1 N
+ﬁ ZuztkOB+NTZZuztkoA’
t=1 i=1 t=k0 i=1
we have
Q7" 8) = Q(k,+°, B)
1 -1 N ] k—1 2
=NT ; Z; <%th(/3 9(B).B 5gg(B),B) T E—1 ZO zs(ﬂgU(A)A fBgO(B),B)>
=1 i= s=k
9 K0—1 N 1 k—1
+ Uit k, B ( itk,3 B0 ). — Byo (5).8) p— > @i (Bay.a — Bogs B))
t=1 i=1 s=kO0
1 k-1 N 1 k0—1 2
+ NT Z xzth(ﬁ 0(A),A B 9(B) )+ kE—1 Z xls(ﬁgO(A)A ﬂSO(B),B)
t=kO0 i=1 s=1
9 k-1 N kK01
+ 57 2 D itk | Tk B ay.a — Booem,n) + T D @is(Byoay.a — Byo(s).p)
t=k0 i=1 s=1

o8



T N T N
1 2
37 2 2 @i a(Bogay 4 = Bopar, ) 5 D 2 itk A a(Bogay 4 — Bypar,a)
t=k i=1 t=k i=1
1 k—1 N 1 k‘ofl N )
2
+ﬁ Zuzt, NTZZUztk TZZ(ﬂkaB/B() B /BO(B) ))
t=1 i=1 t=k i=1 t=1 =1
-1 N T N
2 1
-7 S unnon (a?ét,k,B(ﬁgg(B),B Byom), B)) NT > @, 20.48% (ay.4 = Byoay.a))?
t=1 i=1 by e
k0—1 T N

zt,kO,A(v’U;t,kO,A(ﬁ 0(A),A — Bgoa

W
Il
>
o
-
I
—
o~
Il
—
-
I
_
o+
Il
e
o
-
I
—

\
3
[M]=
Mz
T
Z‘H
~N
S
W
2| =
™
™
S
Z

x>
=)
|

_

I
|
3

1M
Mz

s
Il
—

k—1
1
0 0 0
't,k,B(Bg?(B),B -8 ?(B),B) (k 1 Z@";s( g0(A),A 599(3)73)
1

1 K0O—1 N k—1 2
0 0
1 33 (5 s~ )
t=1 i=1 s=k0
1 ko—l N k’o—l ?
0
+W Z 121'256 9(B),B BZ(B)B)
t=1 i=1 s=1
2 kofl N 1 k—1
- N7 Zu“’k’B (k—l z 5(529 B).B ~ Poo(B) ))
t=1 i=1 s=1

9 k0—1 1 k—1 1 k—1
/ 0
T NT 2 k—1 D uis (k 1 PBEA 8.8 ~ Be(m) B)>
t= S= =
9 kKO—1 N 1 kO 1 k0
! (0
TNT ; Z; K1 Z_;““ 01 Z_:"%t(ﬁgow) B~ Be(s).8)
9 K9—1 N 1 k—1
_ ﬁ tz; z; it,k,B (l{i]_ Ox;S(ﬁgO(A)A ’Bg?(B) B))
=1 1= s=k
k-1 N
1 2
ﬁ Z(nk}gﬁo 55,1 B)B))
t=k0 i=1
9 k—1 N 1 k9—1
0 0 0
+ NT A z; (mgt,k,B(ﬁgg(A),A - Bg?(B),B)) E—1 z; xés(ﬁgg(A)’A - Bg?(B),B)
t=kV 1= S=
1 k-1 N 1 k0—1 2
/ 0 0
+ 57 2 2 | 1 2o s (Bhoaa — Bom).n)
t=k0 i=1 s=1
9 k-1 N
+ NT OZ;Uztﬂfzt(ﬁ 0(4),A B 9(B )
t=k0 1=
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E— kO 1 N T 2
- ' (B _
AT (T—k+1)(T -k +1) Z; (z; Zis (Bgo (4.4 59?<A>7A>)>

1 1 NorE k-1
_ 4ﬁm > (Z x;s(ﬁS?(A),A - 5gg(A),A))> (Z (5 0(4),A 59?(A),A))>

i=1 \s=k s=kO
1 1 N /k—1 . 2
CINTT W11 Z; (; Zis (Bgo(a).a ~ Bg?m),A)))
k— K 1 d a
TENT TRt DT -k D) ; (Z_:k “) (Zk 23 (Bgp(ay,a = 8 ?<A>,A>)>
1 1 N T k—1 ) o
bt (E) (Bt o)

1 1 -1
SN (Z “) ( 2 s is By ay,a = B 9<A>,A>>>

i=1 =k k0
g k1 N
+WZZM ztﬁo 51 )A))
t=k0 i=1
N [k°-1 k—1 N /k-1 2
1 Z(Z’Uns) <ZU’LS> NT _1 (ZUZS>
i=1 = s=kO i=1 \s=k0
2 2
k— kO N (k-1 k— kO N
- NT(KO - 1)(k - 1) ; (Z“> CNT(T—kKO+1)(T —k+1) ; (Z“)
1 N /k-1 ) N k-1l
" QNT(T —k0+1) ; <8§;0 uis) (Z u18> NT(T -k +1) ; <8§;0 uis)

By the argument based on inequality (1.8) in Merlevede et al. (2011), it holds that uni-

formly over ¢ we have for constant M > 0
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and for uniformly over k® < k < k

1
Pr <k —

1
P -
r(T—k—l

where ¢ > 0 and nT¢ < CT~Y2. Similarly, noting that Z?:a E(zi)/(b — a) converges as

k-1

g Ust

t=k0

>]M7W> = o(T7Y),
and

T
E Uit

t=k

> MT—1/4> = o(T7?),

b— a — oo, we have

k0—1
1
Pr P Z zi| > MT” | = o(T™°),
=1
and for uniformly over k* < k < k
1 k—1
P (w > i > MT”) —o(T70),
t=kO

and

E Tit

T
1
P -
r(T—k—l
t=k

>]WYW> = o(T™°).

By 3 € N, we have

o0 = Bpcara)]| < m

and

HIB-(;iO(B)vA - ﬁg?(B),B)H <.

Thus we have with probability at least 1 — O(NT?),

‘(Q(k“m“,m —Q(kA, B))
9 k—1 N
- NT Z D uiee(Boy ay.a — By )

t=k0 i=1

1 N 2
Z( Lit ke, B 6 9(A),A /Bg?(B),B))

tkozl

<pMT¢+ MT~ /2.
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Assumption 3(vi) implies that

N

1 -1

al 2 k- kY
t=k0 1=1

I
o

Thus we have

( A% 8) > mlkn Q(k,~°, B)forsomeﬁé/\/)
0<

(aSEBko‘E%’ék QK. 8) = Q(k,°, ) > 0)
1 k-1 N . 0k y
(ﬁ% ( N;;“zt%w 24,4 = Popm.B) ~ o7 m) > 0) +O(NT™)
1 k-1 N m y
<Bew2}%o NE 02;2” 4~ B >—2> >0> +O(NT™)

—_
—_

k—1 N
1 (0 0 m -6
<re (g o, (24 2 e B~ o)) > 5 ) 00T

t=k0 i=1

where the last equality follows by applying (Bai and Perron, 1998, Lemma A.6) which is
an extension of Hajek and Rényi (1955). Here we use the observation that an L, mixing
sequence is an L, mixingale sequence for 1 < p < r as discussed in (Davidson, 1994, page

248). Thus, under Assumptions 3(iz) and 3(z), u;xs is an L? mixingale and we can apply
(Bai and Perron, 1998, Lemma A.6).

A similar argument shows that

Pr <Q(k0,’yo,ﬂ) > min_ Q(k,+°, B) for some 3 € N) =0 <1> + O(NT™9).
KO<k<k N

To sum up, we have

Pr(k #Kk,4=7"B€N) =0

S.3.4.3 Proof of Corollary S.2

Proof. The proof is exactly identical to that of first-difference estimation, and thus omitted.

O]
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S.4 Simultaneous estimation of multiple breaks

In this section, we provide theoretical justification of simultaneous detection of multiple
breaks. Let j =1,...,m, such that k; denotes the j-th break, and 3y, ;) ;, v;, and G’ denote
the slope coefficient, group membership parameter, and the set of groups, respectively, in the

regime between k;_; and k;. Let m denote the number of breaks. The true break points are

K9, ... kY. The coefficient vector can be written as:
(
By (1)1 if £ < AY,
Boi(2),2 if kY <t < k3,
/Bgit,t =

Bgim+1)mer if t > kD,
We note that there are m + 1 regimes when the number of break points is m. Let kg = 1 and
kmi1=T. Let k= (k1, ..., km).

We estimate (k,~, §) simultaneously by minimizing the square loss function:

~ ~

(k,9,8) = min _ Q(k,7, ),

ke]K,'yGG,B cB
where

m+1 k=1 N

Q(k,,B) = % DT i — wiuByyi)-

j:1 tZk‘J 1 =1
S.4.1 Assumptions
Here is the assumption used to justify our procedure.

Assumption 4.

(i) For any L C{1,...,N} and t" >, there exists M which does not depend on L, t"
nor t' such that the following equality holds

t// 2
H g TitUgt
t t!

i€L

LI — 1)

S M—

where |L| denotes the cardinality of L.
(ii) B is compact.

(iii) Let pn (7', g,G) be the minimum eigenvalue of Zf\;l 1{¢% = gH{git = gtzuzl,/N,
where v is y; for k?q <t< k]Q where j € {1,...,m+1}. Forand j € {1,...,m+ 1}
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and g € G/,

min  min maxpn(v;,9,9) > p
KO_ | <t<k0 v;€(GI)N GeGI e ’

where p —, p as N, T — oo and p > 0 does not depend on N and g.
(iv) There exists p* such that for any i and for s such that s and T — s sufficiently large,

1 N 1 N
Amin (S ;xitx§t> >p" and  Awin ( T > xitx§t> > p,

t=s+1

and p* =, p* > 0 as N,T — oo, where Amin gives the minimum eigenvalue of its

argument.
(v) maxi << Yoiey it |2/N = Op(1).

(vi) There exists a fived constant m > 0 (which, in particular, does not depend on T

and N ) such that, with probability approaching one, for any t and j € {1,...,m + 1},
1
~ 2By 5 = By 1))* > m-
i=1
(vii) There exists € > 0 such that (k:? - k?_l)/T — 7j > €asT — oo for any j €

{1,...,m+1}.

(viii) There exists a constant ¢ > 0 such that for any j € {1,...,m+1} and any g # g
where g, g € G, it holds that HBSJ- — ﬂgjo > c.

(iz) Let z be v, xit, ||uitxitl], 2uitx;t(52?<j)7j— g,j), or (x;t(ﬁgg(j)d—ﬁg’j))Q forg € G7 and

je{l,...,m+1}. Assume the following holds for any choice of zjz: 1) zy is a strong

mixing sequence over t whose mixing coefficients a;[t] are bounded by aft] < e~ such
that maxi<;<n a;[t] < a[t] and has tail probabilities maxi<;<n Pr(|zit] > z) < el = (/)%
for any t, where a, b, di and dy are positive constants. 2) There exists a;, i =1,..., N

such that for any € > 0, it holds that max;<;<n |a; — Ethl E(z4)/T| < € for sufficiently
large T'.

() maxi<;<7 B(| SN, xiuir/VN||*10) is bounded for some & > 0.

The assumption is similar to that for situations with single break. The main difference is

that we need to consider m + 1 regimes instead of two regimes.
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S.4.2 Theoretical results

The following theorem shows that our procedure can estimate the set of breaks points con-

sistently.

Theorem S.3. Suppose that Assumption 4 holds. As N, T — co with NT=% — 0 for some
6 >0, Pr(/%j :k? forall j € {1,...,m}) — 1.

As a corollary, the group membership structures for all regimes are estimated consistently
and the coefficient estimator vector has the same asymptotic distribution as that under cases

in which the break points and the group membership structure are known.

Corollary S.3. Suppose that Assumption 4 holds. As N,T — oo with NT~% — 0 for some
6 >0,

(1) Pr(%:730-foralljé{l,...,m—l—l})—)l

(2) B = B—i—op(l/\/NT), where B is the estimator of B under kj = k:;-) forallje{l,... , m+
1} and v; :7? forallje{l,...,m+1}.

We note that the 0,(1/v NT) in Corollary S.3 (2) is uniform over regimes and groups.

S.4.3 Lemmas

Let

Q(k,v.B)

1 e 1
ZWZZ 'Ltﬂot Boitrt)) Zu?t

t=1 i=1 T 1i=1
Lemma S.10. Suppose that Assumptions 4(i) and 4(ii) hold. Then we have that
s [Q02.8) = Q5| = 0, ()
up e - » Vs = =
keK,veG,5€B i \/T

Proof. Note that By, + = By, (;),; for kj—1 <1 < k;. Then we have

1 T N
Q(k, v, B) WZZMz%

1

&
Il

.
Il

,_.

1
N

N
E
Mz

S @B~ B’

N
g BOO it /Bglt7 )uzt + NT Z Zuzt

t=1 =1

o~
Il
—
-
I
—

2‘;—!
HMH
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Thus, we have

Q(k,’%ﬁ) - Q(ka’% = 27 szzt B 0 it ﬁglt, )uzt
t 1 i=1
= — 27 Z sztﬁ o tuzt + 2NT Z sztﬁgzt,tult
t 1 =1 t=1 1=1

We examine the two terms on the right hand side separately. First we have

| LN mt+1 k5=
R SO SPT RS 55 S) ) ST DTN
t=1 i=1 =1 t= kO geGI i=1

For each g and j, by the Cauchy-Schwarz inequality we have that

o 2
p X
E Ni Z _g zt/Bg]uZt
: _1 :
k01 2 10 _ 10
<op (|5 & 5wl | =0 (M)
t k) 1 90(5)=9g

where C' satisfies || Bgit,t”2 < C for any 8 € B and the existence of such C' is guaranteed by
Assumption 4(ii), and the equality follows by Assumption 4(7). Next we consider

m+1 ki N
1
ZZwtﬁgn,tun—N*Z Z 2wt
t=1 i=1 7j=1 :k =1

For each j, we have

1 ki N 2 | X 2
/ /
NT Z intﬁgi(j)’juit “\nNT Z/BzJ)J Z LitWit

t:kj_l =1 t= ICJ 1
2

1 N 9 1 N k’j—l
(3 S]] 3 e

i=1 ||t=k;j_1
kj —kj—1
:0p<-757>,

where the first inequality uses the Cauchy-Schwarz inequality and the second inequality follows

by that Assumption 4(7i) implies Zfil 1B4:(7).411*/N < C for some C, and that Assumption
2
J(NT?) = Op((k; —

4(7) together with the Markov inequality implies Zi\i 1 Hzfi ey it Uit
kj-1)/T?).
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It therefore holds that

Qk.7.8) — Qlk,7,8) =0 (\/J%) L0 <\/1T> o (\/1?)

uniformly over 8 and .

Lemma S.11. Suppose that Assumptions 4(i)—4(vii) hold. Then we have that

8o ,BQJH — 0,(1/V/T) for each j € {1,...,m+1},

(1) max,cg; Mingegi
(2) (kj — k?)/T = O,(1/VT) for each j € {1,...,m}.

Proof. From Lemma S.10, we have that

0,4, 8) QU 4 ) + O, (%)
1

~ 1
<Ok, 0,0+O< >: 10, 0704_0( )
_Q( v 6 ) P \/T Q( v 6 ) p \/T
Because Q(k,~, 3) is minimized at (k°,~°, 3°), we have that

Q(k,

>

-5 =0,(=).
Let ayt = Q(l%,‘y,/@) — Q(ko,fyo,ﬁo), and note that ant = O, (1/\/T>

We consider regimes which are separated by either a true break point or an estimated
break point. Let L = kU K® = {l:.:l,...,l%m} U{KY, ..., k% }. Let kf be the I-th smallest
element of L and define kj = 1 and k}. =T where L* is the cardinality of L. We now define
functions which indicate how regimes defined by L are related to true regimes and estimated
regimes. For each I, we define j(I) such that [k} |,k}) C [lgzj(l)_l,lz:j(l)) and also define 5°(j)

such that [k¥_

k) C [kjo.o 0-1> l%?o (l)). Function j indicates the estimated regime containing

regime /, and function j° indicates the tue regime containing regime I. We have

L* k-1

Qk,%,8) — Q( 7 BO NTZ Z Z it ( 50 Bgi(j(l))j(l)))Q (5.6)

I=1t=k]_, i=

We first consider time periods kf | <t <k} for some [ € {1,...,L*} where for some gt
7(1) = 7°(1) = jt. In this regime, the true and estimated regime numbers are equal. For such

[, we have

kr—1 N

N Z Z zt ﬁo 1,471 B T),]T))2

tk* i=1
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ky—1 G’J GJ N

NT Z YD) UG = gHai") = a3 @By i — B0))°

t=k; , 9=1g=11=1

kf—1 GJ T

Z Zzzl{gl ) = gHai(G") = ton (19, 9) Hﬁg,ﬁ—ég,ﬁjf

tk*glglzl

* *
>kl — k. .
p max min

0 2
- T g€GB GeGB ﬁg’ﬂ_ﬁg’ﬁH ’

where the last inequality follows by Assumption 4(7v). This further implies

o b, 180, = 8 H2< (8.7)
—————p) max min = B anT. .
T pgeGJTgeGJ gt Poat]] =TT
Moreover, Assumption 4(iv) implies that
k-1 i
2 2 1 M- A*
NT Z Z zt (j‘r)vjf - /Bgi(jf),jf)) > T N ZHB 0 gz(j‘r)JTH
t=k;_, i=1
Thus we have
*leﬁ 0Gitgt ~ Baghatl® < Canr. (S.8)

Next we consider time periods k; | <t < kj for some [ € {1,...,L*} such there is no 4t
satisfying j(I) = j°(1) = jT. Also suppose that there exists [ such that j(I) = j(I) = j°(I). For

such [,
L Rt / 2
NT t%lzzg(xit(ﬁg%ﬂa)noa) BaGmniw)
1 kl*il Y ! 0 0 0 A 2
=NT t:; g(wit(ﬁgwa)),joa)‘599@( i T Pecwrsw ~ Patwrim))
. kl*fll N k-1 )
Zﬁ (mgt(ﬁgg(joa)),joa) - 529(3(1)), Z Z Lit 5 0 (1)),] Béi(ﬁ‘(l)),j‘(l)))Q
t=ky | i=1 T k| i=
LR )
_2NTt; Z_; i Boeanom ~ Speanio)| [ Ergmsn ~ Baowin)
ki ;1 k-1 )
zNTt; ;@ét(ﬁg?(ﬂa)),joa)_529(3@)) tzk; Z ) = Baganin)”
) 1::;1 LN 1/2 L ) 1/2
_Qt; (NZ; (B o o0 ~ By ()”2) (NZ( By o)~ P ((W()))z)
& NS P
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By Assumption 4(vi), it holds that

kf—1
E* — k*
0 2 J Jj—1
Z Z Zi(Bgogoq.gow ~ womaw) = T
t k4 i=1
Assumptions 4(ii) and 4(v) imply that Zz 1 (@ (B

99(5°(1)), O(l B 0 )) /N < C. Noting

30
HOETRO! The (S 8) can be used and

that we assume that there exists I such that j(1)

combining it with Assumptio~ns 4(v), we have Z]\i (%, ( 0O 00 Bgi(jo(),jo(i)))Q <
Canr. Hence, if there exists [ such that (1) = j(I) = j°(1), we have

k-1

SR B B o | ki — ki C

Z Z By o oy ~ Baan )’ =2~ — (m—Cvant),

t k* j—
which further implies that

ki —kf
Tl L(m — Cyant) < ant. (S.9)

To summarize, for [ € {1,...,L*} such that there exists jT with j(I) = j°(I) = j', we have
(S.7), and for I such that there is no j satisfying j(I) = j°(1) = 5! but there exists [ such
that (1) = j(I) = 5°(1), we have (S.9).

We now repeatedly apply (S.7) and (S.9) to obtain the desired result. First we observe
that there exists | € {1,...,L*} such that j' with j(I) = j°() = 4, k;; = k;;_, and
ki = kji. This claim can be shown in the following way. If k> K9, then jT = 1 satisfies
the claim. Next, we consider cases with k< k?. Then, if ko > kg, then the claim holds for
4t = 2. We thus needs to consider cases with ko < k9. This argument can be repeated until
we take &y, < kO . Then 41 = m+1 satisfies the claim. This argument shows that there exists
I € L such that 51 with (1) = j°(1) = jT, ki | = kj_y and k' = kj;;. For such [, by (S.7),
180 = Bot||” < anr/(pe). By (5.9) we
obtain (]%jt_l—k?Til)/T <ant/(m—C\/anT), and (lzrﬂ —k?T)/T < ant/(m—C\/anT) (note
that this holds even when jT =1or jT = m + 1 because 1%0 = k:8 =1 and l%mﬂ = k:?nJrl =1T).

and Assumption 4(vii), we have max, ot Min, ;¢

We then restrict our attention to {1, ..., ];‘jf_l}U{I%jT, ..., T}, and repeat the above argument,
which yields the claim of the lemma.
O]

Lemma S.12. Suppose that Assumptions 4(i)—4(viii) are satisfied. Then there exist permu-
. . . 2 ,
tations o : G +— G’ such that 52,;‘ — Baﬂ'(g)’jH = Op(l/\/T) for any g € G,

Proof. The proof is exactly identical to that of Lemma 3 in the main text and is thus omitted.
O

69



Define the Hausdorff distance between ﬂ]Q and Bj to be

, Imax min

max [ max min
gE(GJ geGI

geGI geGi

80— B

.12
8o — @MH ) :
By Lemmas S.11 and S.12, this Hausdorff distance converges to 0 at the rate of v/7'. Using
the similar arguments, we can show that /3 is consistent under the Hausdorff distance and its
rate of convergence is v/T. By relabeling, we can set 0;(g) = g, the convention that we adopt
throughout the paper, such that Hﬁg,j — 3”-”2 = Op(l/\/T) for any g € G/,

Let A be a neighborhood of 3° such that Hﬁg’j — 5‘”“ < n for n > 0 for any g € G/ and
j=A{1,...,m+ 1}. Note that we will take 1 small enough by considering large N and T by
Lemma S.12. Let kj = VT logT + k9 and k; = —VT1log T + k). Define K = {k : k; < k;j <
k;, for each j}.

Lemma S.13. Suppose that Assumptions 4(ii), 4(iv), 4(vii), 4(viii), and 4(iz) hold. As
N, T — co with NT~% — 0, it holds that

Pr{’?(k,ﬁ);é’yo forsomek:eKandBEN}%O.

Proof. To show this probability converges to zero, it is equivalent to show that

m+1

Z ma sup max 1{3:(7) (k. 5) # 99(7)} = 0,(1)

1<i<N BEN k

where we observe that

kj—1 kj—1

1 {gz )(k, B) # gz( )} max 1 Z (yit — x;t/@g,j)g < Z (yit — x;t g?(j),j)2

o/
9€GI\{g?(j)} - t=k;_1

(S.10)

We analyze the probability of each of these two indicators being one. To this end, we first
evaluate how the deviation of k from k° plays a role, while the situation of &k = k° can be
analysed using the same arguments as in Bonhomme and Manresa (2015) and Okui and Wang
(2021).

We first examine the difference between the two summations in the argument of the
indicator function in (S.10), and show that this difference evaluated at any k € K and that

evaluated at k = k¥ are not very different. Let

kj—1 k91
Dj = Z ((yit - x;tﬁg,j)Q — (Yit — w;tﬁg?(j),j)2> - Z ((Z/it - l’gtﬂg,j)Q — (yit — mB g),g) ) .
t=k;_1 t= k:? 1
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First, considering the case of k;_

1 < k?_l and k; < k?, we have that

k) -1 k) -1
D] < Z 2uirzit (B 99(5), — Bgj)| + Z (B 99(5), — B44) 95%%:@5 9(j),j 599(]'),3' — Bg,)
t=]€j,1 t=k‘j,1
ko 1 k:?—l
Z 2uir it (B = Bgj)| + (5 O()d — By.j)’ xztﬂfzt@»@ 0(j ﬁg (), — By.5)
t=k'j
k? -1 lcg 1 k;’—l kg—1
<M, Z Uit Tt || + Mo Z Tl || + Ms Zuitﬂ?it + My Z«Tit‘rfit
t:k‘j_l t:k]'_1 t:k‘j t=k,;
KO -1
1 ’ 0
<SMi(kj-1 = ki) 7 > Mwivwall + Mok — k) | oo — Z ity
A Jl —Jltk
) kO 1 kO 1
+ M3(k E])ko . Z lwirxic]| + M4(k Z x|,
2 = k; *J t=k;

where My, My, M3 and My are constants independent of (i, g, k,3). Let Mp =

T4/ 1ogT.

Under Assumption 4(iz), we can apply inequality (1.8) in Merlevede et al. (2011) which is
based on Theorem 6.2 of Rio (2017), translated from a French version published in 2000, with

Ai(kj 1

where d = dids/(dy + d2), (a,b,d, d2) are defined in Assumption 4(ir). Noting that (k¢

Y (-
kjfl ~j=
A4/ (d+

<4dexp (—

2

= T3/ and obtain that

KO, —1

> (lwiziell = E(Juiwal)| > Mr

U=k,

0
J

~j—1

) + 160M{1 exp (—a

D1og 2 A&/ (d+1)

bd

) o

-1
K9 —1
ki)™t ti;_l E(||ujtxit||) converges and Mp — oo, we have that
L k) -1
Prio—F— > izl > My | = o(T™°).
A T
Similarly, it holds that
. k) -1
_ —J
Pr W Z $thlt > MT = O(T )
J I =k,
) k9 —1
Pr| —— Z Hu,ta:th > MT = O(Tié)
kj k; t=k;
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k01
1

0 1 Z l‘ztl‘zt > Mr | = O(T_é).
I =k

and Pr

These imply that there exists a sequence that satisfies Cpr = O(Myp) and Cp — 0o as T' — oo,
such that

O —kj+ k) |~k
: ljso_;fol ’ 1CT>=0(T_6)-
A

Using a similar argument, we can show that for the other three cases (kj—1 < k?_l, kj > k?,

k; 1>I<: 1.k <l<: and k; 12k?_1,kj>k?,wehave

1 2v/ T logT
Pr<k0_k0 |D‘> k;JF_]SOg
J j—1 J j—1

ki1 IR
t=k0_, ((yzt — TiyBg5)° —

sidered in a similar way to Bonhomme and Manresa (2015) and Okui and Wang (2021). We

OT> = o(T79).

3 Ll
Next, we consider (yit mz‘tﬁg?(j),g

)2> This term can be con-

have
k2 —1
Z ((yz‘t - xétﬁg,j)z — (yit — ztﬁ J)J) )
t=k9_,
KO-1 k9—1
= Z 2uixit (B 90(4)d Bg.5) + Z (5 HON Bgy)fﬁztl“n(QBO ﬁg OF — Ba.4)
t=k? 1 t=k) 1
j— J—
K01 Ky —1
= D 2uamalBypgy s — Bo) + D @By — By + 0,
+=kKO L t=k0 1
j— J—
where
k91
v = Z 2ui iy (B 99(j),j — Bgj — ng(j),j—i_ﬁgu‘)
t=k9_,
k)—1
+ Z ~ By = Boggy; T Bos) wiexiu (28305 ;= Beo(yj — Bad)
t=k9_,
k-1
+ Z 50 g])$7/t1"zt(/80 ). BO(J 597J+5gy)
t=k9
j—1

By the Cauchy-Schwarz inequality, Assumption 4(4i) and the definition of A/ imply that

V| < nCy

0 0
k9—1 k9—1
/
E uit it || + nCa E Tit Tyl
t=k9_, t=k9_,
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where C7 and Cy are constants independent of 1 and 1. We then have that

k‘j—l k?j_]-
2 2
1 Z (yit — x;tﬁg,j) < Z (yit — x;tﬁg?(j)d)
tzkj71 tZk‘j,1
kgq
0 0
31( ) 2uivie(Byd )5~ Po.s)
t=kY
j—1

K0—1 K0—1 k0—1
J J J
- Z (xgt(ﬁgg(]g)ﬁ - 8,]’))2 +nCh Z wit@it|| +nCa Z vfitl';t + |D|>

t=k0 t=kY t=kO

j—1 j—1 j—1
Note that the right hand side does not depend on . Thus, we have
Pr (sup max 1(3:(7) (k, ) # 97 (7)) # 0)
ﬁeN keK
ki—1 kyi—1
=Pr | supmax max 1 (yit — 2, Bg,)° < (yit — Ty Boocn )2 | #0
SR RER yeeh iy t%:_l i itP2g.j t%:_l i g7 (7).
k) —1
=Y B ( S Sl (B — )
9€GI\{g?(j)} t=kJ_,

k9 —1 k-1 k-1
< - Z (x;t(ﬁgio(B)’B—5;]-))24-7701 Z witTit|| +nCa Z Tip —i—\D])

t=k9 t=k? t=k0

j—1 j—1 j—1
KO—1
1 4 '
< Z (PT 030 Z (wét(ﬁgg(B),B—ﬂg,j))Q < 5
9€GE\{g0(B)} I =Ry
k-1
+ Pr ﬁ Z ujri|| > M

24/ T log T
VT log CT)

1
+ Pr 70 .0 Z l’itﬂf;t > M|+ Pr ( 0 0 ’D| > 0 0
kj = kj ) kj —kj kj —kj

K9—1
! J " 2v/T log T
b <kQ—kO Z 2uitx;t(52?(j),j B ’Bsohj) STy +nC1M +nCaM + kQ—leCT> > )
’ J i

) |, =
ITh =k,

where we take ¢/ = ¢ x p* for ¢ in Assumption 4(viii) and p* in Assumption 4(iv).

We observe that

K0—1
1 J
/
Pr W Z Tit Lt ZM
I =k
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1
<Pr W Z sztx;tH >M | =Pr 1 Z Thxy > M
t=k9 J t=k9_,

We then apply Lemma S.5, regarding «},x;; — E(a},24) as z; in the lemma, and Assumption

. . _ k9—1 _ _
4(iz) yields that Pr <H(k‘j0 - /“3?71) ! Ztikg_l witx;t’ > M> =0 ((k‘jo - ]“971) 5) =0 (T79),
where the last equality holds by Assumption 4(vii). Similarly, Assumption 4(iz) also implies

1 k01
that Pr (H(k‘? - k?q) 1 Ztik?_l Uit Tt

shows that under Assumption 4(iz), Lemma S.5 implies that

>M) = o(T‘5). Moreover, a similar argument

E0—1 k0—1

1 < 1 < "
Pri o= 2o @B, =80 — g 2 B(@alBg),; — Bo)*)| > %
J

) ) )
J I7h=k) 7 =k)

which in turn implies that under Assumptions 4(iv) and 4(viii),

0
k;—1

1 1 (R0 oy | _ -5
Pr 050 . Z (@it(Bgoz).5 = Bg.i) S5 =o(T™°)

) ) | &
J 7 =k)

uniformly over g. Now we have shown that Pr{(k? — k?_l)*1]D| > ((2\/TlogT)/(k§-) —
k:?_l))CT} = o(T~°). Note that ((2v/T log T/(kjo-—kg_l))CT — 0 because My = o(~/T/logT),
(k? — k?_l) = O(T). Moreover, by similar arguments as above that use Lemma S.5, we can

take 7 small enough and also T large enough such that

E)—1
¢ 2v/Tlog T
Pr Z 2u1txn 0 ) < ——+ ’I’/ClM + HCQM + %CT
) 2 KO — kD,
] t=k9_, J J

k -1
/!
0 ) -9
SPI‘ (k;;)]t %O: QUZtﬂth /8 0(] BQJ) < _4> == O(T )
1

uniformly over g under Assumption 4(iz). It thus follows that

Pr(max sup max 1(3:(5) (k, ) # ¢;(5)) # >

1<i<N BEN keK

N
<SP <sup max 1(6:7)(h, ) # 60())) # o) = o(NT).

i=1 peN keK

This completes the proof.
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Proof of Theorem S.3
Proof. We observe that

Pr(k # k%) <Pr(k £ k°,3 e N) + Pr(B ¢ N)
<Pr(k#k%5 =158 €N)+Pr(y #1°, 6 € N) + Pr(5 ¢ N).
We analyze the three terms in the right hand side of the above display. First, for the third

term, Lemma S.12 and the discussion below it imply that Pr(B ¢ N') — 0. For the second
term, by Lemmas S.11, S.12 and S.13, we have that

Pr(§ #4° 8 e N) <Pr{(k,8) #~° for some k € K and S e N, 3 e N} + Pr(k ¢ K)
<Pr{4(k,B) # 4" for some k € K and 8 € N'} + Pr(k ¢ K) — 0.

Finally, we consider the first term. We observe that
Pr(k £k, =~"8eN)<Pr(k 4k, 4 =+",8 e N,k € K) + Pr(k ¢ K)
<Pr{k(n°, B) # Kk° for some B e N,5 =", 8 € N} + Pr(k ¢ K)
<Pr{k(~°, B) # k° for some 8 € N} + Pr(k ¢ K),
where k(7°, 8) = argmin,c c Q(k, v, 8). Note that Pr(k ¢ K) — 0 by Lemma S.11.

Let k(j) = {kl,...,k?,...,k}. Note that k;_1 < k:;-] < kjq1 for k € K. We now show
that Pr (Q(k(j),vo,ﬂ) > mlnkj<kj<kq Q(k,~°, B) for some 3 € N> converges to zero. Ob-
—. J

serve that

Qk(j),7",8)>  min  Q(kA",B)

oy <y <y oy 7k
= min min  Q(k, ~°, B), min_ Q(kﬁo,ﬂ) .
kj<k; <k0 k <kjk;

Suppose for the moment that k? <k;j < kj. We observe

Q(k(])a’yoa/ﬁ) - Q(kvfyovﬁ)
1 k:j—l N 9 k:j—l N
_ 0 2
== 57 2 2 @iBiys = Brog-ns-0) + 57 2 D @ielBy s — Bei)))
t:k? i=1 t= k? =1
2 ki—1 N
Z Zx;t M~ Bao -1y, it
t k:?z 1
0 _ 20 0 R
Let dZ = /890(])7] - Bgo(j—l),j—l and dz =5 /Bg?(j),] - ﬂg?(]—l),j—l It hOldS that
ki—1 N kj—1 N
ENZ Z Z zt ,' /Bg?(j—l),j 1 Z Z zt do + d - do))
t koz 1 t ka 1
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1 ki—1 N 1 ki—1 N ki—1 N
> D 2 (@hd)? 4 om0 Y (@l(di — d)? - 2* D> lahdy| - |2l(di — D)
t:k? 1=1 t:k? i=1 t ko i=1
1 k’j—l N 1 kj—l N
2o D 2 (d) om0 D (h(di — d)”
t:k? =1 t:kg? i=1
El 1/2 N 1/2
-2 7 (x,tdo)2> ( t )
J

Assumptions 4(4) and 4(v) imply that Zi]il(acgtd?)Q/N < (kj — k?)C’/T. Similarly, Assump-
tion 4(v) and the condition that 8 € A, imply that SN (2, (d; — d?))?/N < (k; — k?)n2C/T.
We thus have that Zt 40 ZZ 1 (75,8, 0()g ~ ﬁg?(jfl),jfl))Q/(NT) > (kj — k:?) (m—Cn) /T,
by Assumption 4(vi). Then by taking n small enough, we have that

ki—-1 N 0
k;j —k;
Z > @By = Bpg-1),-1))" 2 —5m.
t kO i=1
It is easy to observe that
9 ki—1 N
! (30 2
7 2 2 @By — Bopigr.a)? > 0
t=k? i=1

It follows that

Pr <Q(k( ),7°,8) > min_ Q(k,~°, ) for some 3 € N)

k0<k <k;

=Pr <Sup max (Q(k(.])”yoaﬁ) - Q(kvryovﬁ)) > O)

BEN KO<k;<k;
g kj — KO
<Pr | sup max —2— T ; 1)U — Im | >0
= ,Be}\)/k:0<k: <k Zk(); it( gz g gz(Jfl),Jfl) it o —
=Pr | sup max — Z Z(Elt A (j—l)j—l)uit L I
BeN K)<k;<k; Nk_kﬂtk011 ) ’ 2
<Pr | sup max —% Z let , g 0(j—1),j— Duie | > o
BEN K)<k;<k; Nk:—/f]tk021 ) i 2

Observing that

ki—1 N
11X ,
=2 D DBt — Bedi-ny -1
7N o =1
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ki—1 N

0 0
= N k _ k:o Z szt /8 - ﬁg?(jfl),jfl)ult

T t=k9 =1

0
N ki — ko Z Z%s 1~ Barira ~ B T ng(j—l),j—l)“itv

T t=k? i=1

and

0
Nk _ k:O Z szt B 97 (7). Booti)a — Bep-1)5-1 +ﬁg?(jfl),j71)uit

J = kO i=1
1
Snc -~ ]{30 Z sztuzt s
J = kO =1
we thus have that
Pr | sup max_ 7. _ 10 Z Zmzt 2(3)d — Pad(i-1) -1 | > o
ﬁE/\/k?<kjSkj N]C *k] - ko pr E ) 2

g E ) 60 Juie | > o
Ocp. <F. Y i 9(] (j=1),j—1/""
kO <k; <k; Nk kj e 4

m 1
+ Pr n kog}ga<k N k _ ]C;) tzko Zz; Tt Ust A <N> )

where the last equality follows by applying Bai and Perron (1998, Lemma A.6) which is an
extension of Héjek and Rényi (1955). Here we use the observation that an L,-bounded mixing
sequence is an L, mixingale sequence for 1 < p < r as discussed in (Davidson, 1994, page
248). Thus, under Assumptions 4(iz) and 4(z), z;u; is an Lo mixingale and we can apply
Bai and Perron (1998, Lemma A.6).

A similar argument shows that

Pr (Q(k(jmo,m > min Qk,",) for some < N) -o(y)-

B <kg <

Thus, we have

Pr{k(7°, 3) # k° for some § € N'}
<Z< ),7%,8) > min Q(k:'y ﬁ)forsomeﬁéN) <1>
kj<hj <k

To sum up, we have that Pr(k # k%4 =+° 3 € N) = 0
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Proof of Corollary S.3

Proof. The proof is identical to that of Corollary 1 and is omitted.

S.5 Additional simulation studies

This section provides additional simulation results that are not reported in the paper.

S.5.1 Percentage of perfect classification

Our theory states the super-consistency of group membership estimates in terms of the prob-
ability of perfect classification. Such consistency of clustering is driven by the time-series
dimension but not the cross-sectional dimension. To better see the pattern of convergence,

we compute the proportion of perfect classification (PPC) in each regime as

PPC — The number of times when all units are correctly classified

Total number of replications ’

and report PPCp (before the break) and PPCy4 (after the break) for time series sample size
T =10, 20 and 40 in Table S.1.

INSERT TABLE S.1 HERE

When N = 100 and T' = 10, the PPC is (close to) zero in all DGPs, suggesting that no
perfect clustering is achieved, although only very few units (less than 6% in all cases except
DGP 2.2 and 3.2) are misclustered in each replication as reported by the misclustering rate.
When N = 100 and T = 20, the PPCp increases to 5-10% in all DGPs before the break.
As we further increase T to 40, PPCp dramatically improves to more than 80% in DGP 1,
12%-36% in DGP 2, 47%-60% in DGP 3, and more than 83% in DGP 4. The PPC4 after
the break is generally lower than PPCp since the length of post-break periods is shorter.
Interestingly, the difference between PPCp and PPC, is disproportionally larger than the
difference between MFp and M F4 when T' = 40, but on the other hand, when T = 20 there
are a few cases where PPCy4 is higher than PPCp. This suggests that the PPC measure is
more volatile than the misclustering frequency (MF) used in the paper. In any case, we find
strong evidence of super-consistency in that the PPC improves exponentially as T increases.
When we double the cross-sectional sample size, namely N = 200, the PPC seems to decrease

to some extent compared to those when N = 100. But the super-consistency in 7" still holds.

78



S.5.2 Diagnosing the type of breaks

This section examines the numerical performance of the information criterion in diagnosing
the type of breaks. Table S.2 presents the empirical probabilities of selecting a specific type
of break using the IC under various DGPs as in the paper, and the bold number indicates the
larger one between the two candidates. We first examine the case of diagnosing between a
break only in coefficients (Model 1) and a break in both coefficients and memberships (Model
3). In DGP X.1 with a coefficient break, the proposed IC correctly selects Model 1 with only
a coefficient break but time-invariant memberships in all cases. In DGP X.3 with a break
in both coefficients and memberships, the probabilities of selecting the correct model (Model
3) and not the incorrect one (Model 1) is also generally higher, although the difference is
relatively small when T is small. Similarly, when we diagnose between a break only in group
memberships (Model 2) and a break in both (Model 3), IC can also detect the correct type

of breaks with larger probabilities, except in some cases when 7' is small.

INSERT TABLE S.2 HERE

S.5.3 Extended simulation designs

In this subsection, we deviate from the benchmark designs and consider four extensions.
First, we examine how the behavior of LSGB depends on the size of break and the degree

of group separation. To this end, we set the slope coefficients in DGP X.1 and X.3 as

By = Bip=—0250, ift<k° and Bay =050,
Bia=—05, ift>k°
In DGP X.2, we set B1; = —0.25¢, in Group 1 and B2y = 0.25, in Group 2. Table 5.3
and S.4 report the accuracy of break point estimates and misclustering frequency in this set-
ting. Despite the fact that allowing for a smaller break increases the HD ratio of the break
point estimate and the average is further away from its true value for all methods as expected,
LSGB can still detect the break point rather accurately. For example, the averaged absolute
deviation of LSGB is no more than 0.9 except for DGP 2.1. As the cross-sectional dimension
increases, this deviation reduces to less than 0.7 when 1" = 10 and less than 0.35 when T = 20.
The clustering accuracy is also lower when there is a smaller degree of group separation, for
all methods. Nevertheless, LSGB still correctly clusters at least 90% of the units in all cases
except DGP X.2, and the accuracy improves quickly as 7" increases. The correct clustering

frequency in DGP X.2 is at the same level as in the benchmark setting in the paper because
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the degree of group separation is the same (with the difference in the coefficients of the two

groups both being 0.5).
INSERT TABLE S.3 and S.4 HERE

Second, we consider break points occurring at different points of the sample period, i.e.
k® =10.6T| and k° = [0.8T'|, for T = 10 and T = 20. To save space, we only report results
of static panels with serially correlated errors (DGP 2) under N = 100. The conclusions
are qualitatively unchanged if we consider the other DGPs and a larger cross-sectional size
N = 200.! The HD of the break point estimates and MSE of the coefficient estimates are
given in the first four columns of Table S.5, and the misclustering frequency of the three
methods is presented in the upper panel of Table S.6. When the break occurs closer to the
middle of the time period, k& = |0.67'|, the accuracy of break detection of BFK improves
(e.g. HD decreases from 0.3267 to no larger than 0.14 when 7" = 10 compared to HD) since
more balanced sample sizes are available for both regimes and that improves the efficiency of
the individual time series coefficient estimates. The improvement of break point estimation
further increases the accuracy of clustering for BFK, especially in the post-break regime.
When the break gets closer to the end of sample, k° = |0.87T'|, it is even more difficult for
BFK to detect the break (HD larger than 0.3 when 7' = 10 and = 0.2000 when T' = 20),
and this further leads to less accurate clustering. In both cases, LSGB remains effective and
continues to outperform BFK in break detection and clustering, although their discrepancy
varies over different cases.

Next, we examine the potential efficiency loss of GAGFL when the number of groups

increases. We consider three groups in both pre- and post-break regimes.

DGP X.1 We fix the ratio of units among the three groups as Nj : No : N3 = 0.3 :
0.3 : 0.4, and the group membership does not change after the structural break. The
coefficients in the three groups are given by
Bip=1t, ift<kY Bop =2, ift<k®
Prt = g ; Par = 8 , Bt = 0.5¢p.
Bra=2, ift>k Boa=1, ift>k0
DGP X.2: This case considers when group memberships change after the break but the
slope coefficients do not. The ratio of units among groupsis Ny : No : N3 =0.3:0.3:0.4
before the break, and N1 : No : N3 = 0.4 : 0.4 : 0.2 after the break. We generate the
group memberships before and after the break independently as above. The slope

coefficients are 31 = 1, f2,t = 2tp, and B3; = 0.5¢p.

!Detailed results are available upon request.
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DGP X.3: Both the slope coefficients of each group and the group structure change
after the break. The slope coefficients are the same as in DGP X.1, and the group
structure is the same as DGP X.2.

In this last case, GAGFL needs to specify 5 groups in DGP X.2 and X.3 to ensure that each of
the groups contains the same units over the entire period, much more than the true underlying
number. Again, only results under DGP 2 and N = 100 are reported. The left bottom panel
of Table S.6 shows that the clustering accuracy of GAGFL decreases dramatically, much
worse than that of LSGB in DGP 2.2 and 2.3. Compared to the corresponding benchmark
cases, the break point and coefficient estimates of GAGFL are also much less accurate and
the discrepancy between GAGFL and LSGB becomes more significant. This suggests that
the relative efficiency loss of GAGFL compared to LSGB is particularly prominent when the
number of groups increases, because the necessary number of groups for GAGFL typically
increases much faster than the increase in the underlying true number of groups. Of course,
if we under-specify the number of groups for GAGFL, e.g. by imposing the same number as
the underlying truth, GAGFL leads to inconsistent estimates for all quantities.

Finally, we examine how the features of breaks affect the performance. In DGP X.1 and
X.3, we consider that all units experience breaks at the same date but with heterogeneous
sizes. This coincides with the DGP of BFK that assumes a common break (in dates) and
allows for heterogeneous slope coefficients, and we examine how LSGB performs in this case.
The LSGB and GAGFL estimates of break point, group memberships, and slope coefficients
are all more accurate than the benchmark case because imposing breaks in more series is
equivalent to increasing the number of series or the magnitude of the break. The estimates of
BFK are more accurate than the benchmark only for 7" = 20, but not for 7" = 10. This again
reflects the severe efficiency constraint of BFK in small samples. We find that even when
there is no heterogeneity in break points, LSGB still produces more accurate break point and
coefficient estimates than BFK and GAGFL. In DGP X.2 where only memberships change,
we generate a larger degree of heterogeneity of the two groups by setting time-invariant coef-
ficients 81+ = ¢ for Group 1 and f2; = 2¢ for Group 2. This also implies larger breaks since
those units that change group memberships have more different coefficients after the break.
Again, we find that the performance of all methods improves while LSGB remains the most

appealing in general.

INSERT TABLE S.5 and S.6 HERE
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S.5.4 Multiple break detection using a sequential approach

This section presents the simulation studies of sequential break detection when there are
multiple breaks. We also verify our theoretical arguments via simulation. We consider the
same DGPs as in the paper, but with two break points, the first at k? = |0.37'| and the second
at k9 = |0.77]. In DGP X.1 with only coefficient breaks, we generate the slope coefficeints

for Group 1 as

Bip=1t, ift<k}
Big =19 Bra=2, ifkd>t>kK

Bia=15, ift>kK)
and for Group 2 as

B =05, ift<k)
Bot =4 Br.a=05, ifkd>t>kK.

B4 =08, ift>kK

Thus the relatively larger break point over all units is k9. In DGP X.2 with only membership
breaks, we set the ratio of units among groups is N1 : No = 0.4 : 0.6 before the first break,
Ny : Ny = 0.6 : 0.4 between the first and second break, and N; : No = 0.3 : 0.7 after the
second break. Thus, the relatively larger break point is ko. DGP X.3 generates the coefficients
as in DGP X.1 and sets the ratio of groups as in DGP X.2, thus containing breaks in the two

types of parameters, with the relatively larger break at k(l).
INSERT TABLE S.7 HERE

Table S.7 presents the Hausdorff distance (HD) of the two break points and the empirical
probability that the first detected break point produced by the sequential procedure, Ky
coincides with the relatively larger one l;:% In all cases except DGP 3.1 and 3.3, the HD is
zero or very close to zero, suggesting that the two break points can both be estimated quite
accurately. The first estimated break point ke always coincides with the relatively larger one
in these cases, as stated in the theory. In DGP 3 with fixed effects, break detection is less
accurate, as in the single-break case. Although the empirical probability of ky = k% does not
seem high in DGP 3, further examination reveals that ky is always in the small neighbourhood
of k‘%, suggesting that ky still always tries to capture the relatively larger break but not the

smaller one.
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S.6 Computation time

This section report the computation time of the algorithm in our simulation and application.

Using Intel Xeon CPU with 3.10GHz, 3096Mhz, and 4 kernels without parallel computa-
tion, we tabulate the computation time of LSGB in DGP.1 (GB = G4 = 2) with different
sample sizes, amount of initial values, and the specified number of groups for estimation (not
the true number of groups) in Table S.8. For N = 100 and 7" = 10, one replication for
GP = G4 = 2 with 25 initial values takes less than 5 seconds. Increasing the time dimension
and the number of initial values increases the computation time linearly. In contrast, the
effect of the number of groups on computation time is non-proportional. When we double
the number of groups specified for estimation (while keeping the true number unchanged, i.e.,
GB0 = GA0 = 2), the computation time more than doubles.

In the application (with N = 703 and 7" = 32), our empirical results are obtained from
estimation using 500 initial values with Gp = 5 and G4 = 7. This estimation takes 1.31 hours.
To determine the optimal number of groups, we search Gp and G4 by ranging them from
1:10, respectively. This search of optimal numbers of groups takes 56.58 hours. While this
computation time is affordable, our estimation can be implemented via parallel computation,
which substantially reduces the time. For example, using parallel computation with 4 workers,
estimating the empirical dataset under the same setting for Gp = 5 and G4 = 7 takes less

than 20 minutes.

S.7 Additional empirical results

S.7.1 Industry vs. data-driven clustering

Figure S.1 presents the appearance frequency of each industry (specified by the two-digit
Standard Industrial Classification (SIC) code) in a group for both regimes.

INSERT FIGURE S.1 HERE

S.7.2 Empirical results under alternative choices of the number of groups

This section examines the robustness of the empirical results with respect to the choice of the
number of groups. We first plot the surface of the IC with Gp and G 4 ranging from 1 to 10,

respectively, in Figure S.2.

INSERT FIGURE S.2 HERE
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When we set A € [4.1,4.4], the IC suggests Gp = 4 and G4 = 5. We re-estimate the sales
growth regression with this specification. The estimated break point is 1996, one period earlier
than the break point reported in the paper. We present the coefficient estimates in Table S.9.
We refer to the groups obtained under Gp = 4 and G4 = 5 as Groups 1.B’—4.B’ before the
break and Groups 1.A’-5.A’ after the break. As expected, our original groups merge and
mix to some extent in this case, while the partition of units and coefficient estimates are
closely in line with the original results. Specifically, Group 1.B’ largely inherits the original
Group 1.B with similar memberships and coefficient estimates. Group 2.B’ mainly comes from
Group 2.B, which exhibits a significantly positive leverage effect. Group 3.B’ mainly comes
from Group 3.B, added by a few units from Group 4.B, and it shows a significantly negative
leverage effect. Group 4.B’ merges Groups 4.B and 5.B, whose leverage effect is significantly
negative and of larger magnitude than Group 3.B’. After the structural break, the new Group
1.A” merges Groups 1.A, 2.A, and 3.A, and exhibits a significantly positive leverage effect.
Group 2.A’ and 3.A’ mainly inherit Groups 4.A and 5.A, respectively, while Group 4.A’ is
a combination of Groups 5.A and 6.A. The leverage effect is significantly negative for these
three groups (2.A—4.A”), but the magnitude increases from 2.A’ to 4.A’. Finally, Group 5.A’
is almost identical to Group 7.A, which possesses an insignificant leverage effect.

When A € [2.0,2.6], the IC suggests Gp = 7 and G4 = 9, two groups more in each regime,
respectively, than our original choice, and the estimated break point is also close to 1996. We
refer to the groups in this setting as Groups 1.B”—7.B” before the break and Groups 1.A”—
9.A” after the break, and the corresponding coefficient estimates are provided in Table S.10.
In this case, the extra groups mainly come from further segmentation of existing groups, and
the coefficient estimate of the focal variable is rather robust. Specifically, the original Group
1.B is divided into Groups 1.B” and 2.B”, whose leverage effects are both positive but differ
in magnitude. Group 3.B” is almost identical to 2.B with its slightly negative leverage effect.
The original Group 3.B is divided into Groups 4.B” and 5.B”, while Group 4.B is further
segmented into Groups 6.B” and 7.B”. The leverage effects in Groups 4.B”—7.B” are all sig-
nificantly negative, and ordered from the least to the largest in terms of their magnitude. We
also note that the discrepancy between 5.B” and 6.B” is relatively minor, which suggests that
such a finer partition may not be necessary. As for the post-break regime, the new groups
are also a finer segmentation of the benchmark grouping reported in the paper to certain
extent. A small portion of original Group 2.A is separated into Groups 2.A” and 3.A”, which
differs in the magnitude of the positive leverage effect. Groups 4.A”—6.A” are mainly from
further partition of the original Group 4.A. Group 1.A” is almost identical to Group 1.A
whose leverage effect is the most strong and positive, and Groups 7.A”—-9.A” largely resemble

Groups 5.A—7.A, respectively.
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INSERT TABLE S.9 and S.10 HERE
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Figure S.2: IC for determination of the number of groups in sales growth regressions
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Table S.1: Proportion of perfect clustering of LSGB before and after the structural break

DGP 1 DGP 2 DGP 3 DGP 4

N T PPCg PPCy4 PPCg PPCy4 PPCg PPCa PPCg PPCa4

DGP X.1 100 10 0.000  0.004 0.000  0.000 0.000  0.000 0.000  0.001
20 0.064  0.260 0.000  0.011 0.012 0.008 0.0564  0.266

40 0.818  0.775 0.126  0.313 0.600  0.284 0.835 0.749

200 10 0.000  0.000 0.000  0.000 0.000  0.000 0.000  0.000

20 0.013 0.107 0.000 0.001 0.000 0.000 0.007 0.087

40 0.783  0.613 0.033  0.153 0.426  0.098 0.790  0.578

DGP X.2 100 10 0.000  0.000 0.000  0.000 0.000  0.000 0.000  0.000
20 0.080  0.000 0.000  0.000 0.010  0.000 0.069  0.001

40 0.900 0.108 0.185 0.000 0.521 0.016 0.909 0.126

200 10 0.000  0.000 0.000  0.000 0.000  0.000 0.000  0.000

20 0.011 0.000 0.000  0.000 0.000  0.000 0.012 0.000

40 0.807  0.074 0.053  0.000 0.280  0.000 0.860  0.045

DGP X.3 100 10 0.000  0.000 0.000  0.000 0.000  0.000 0.000  0.000
20 0.090  0.008 0.001 0.000 0.111 0.005 0.097  0.011

40 0.908  0.792 0.361 0.125 0.476  0.330 0.924  0.764

200 10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

20 0.032  0.040 0.000  0.000 0.000  0.000 0.013  0.000

40 0.840  0.642 0.073  0.040 0.207  0.107 0.847  0.580

Notes: This table presents the proportion of perfect clustering of the proposed method LSGB. PPCg is the
proportion before the break, and PPC4 denotes the proportion after the break.
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Table S.2: Empirical probabilities of selecting a specific type of break using information

criterion
Break only in coefficients (Model 1) versus break in both (Model 3)
N =100,T =10 N =100,T = 20 N =200,T =10 N =200,T =20
Model 1 Model 3 Model 1 Model 3 Model 1 Model 3 Model 1 Model 3
DGP 1.1 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
DGP 2.1 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
DGP 3.1  1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
DGP 4.1 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
DGP 1.3 0.367 0.633 0.000 1.000 0.553 0.447 0.000 1.000
DGP 2.3 0.327 0.673 0.000 1.000 0.480 0.520 0.000 1.000
DGP 3.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 4.3 0.020 0.980 0.000 1.000 0.000 1.000 0.000 1.000
Break only in memberships (Model 2) versus break in both (Model 3)
N =100,T = 10 N =100,T = 20 N =200,T = 10 N =200,T = 20
Model 2 Model 3 Model 2 Model 3 Model 2 Model 3 Model 2 Model 3

DPG 1.2  0.607 0.393 0.913 0.087 0.630 0.370 0.907 0.093
DGP 2.2 0.427 0.573 0.640 0.360 0.353 0.647 0.680 0.320
DGP 3.2 0.953 0.047 0.973 0.027 0.967 0.033 0.993 0.007
DGP 4.2  0.767 0.233 0.940 0.060 0.887 0.113 0.973 0.027
DGP 1.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 2.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 3.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 4.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000

Notes: DGP X.1 generates a break only in coefficients; DGP X.2 generates a break only in group memberships;
DGP X.3 generates a break in both coefficients and memberships.
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Table S.3: Accuracy of break point estimates under a smaller break and more similar groups

=7 k=14
N =100,T =10 N =200,T =10 N =100,T =20 N =200,7 =20
HD k HD k HD k HD k

DGP 1.1 LSGB 0.072  6.611 0.043  6.700 0.010  13.867 0.001  14.000
BFK 0.241  4.589 0.246  4.544 0.184  10.322 0.172  10.556

GAGFL 0.036  6.929 0.014  6.964 0.021  14.000 0.023  13.939

DGP 1.2 LSGB 0.022  6.911 0.001 7.011 0.002  14.033 0.000  14.001
BFK 0.246  4.544 0.238  4.622 0.158  10.833 0.133  11.344

GAGFL 0.320  4.405 0.088  7.133 0.085  12.931 0.035  13.958

DGP 1.3 LSGB 0.000  7.000 0.000  7.000 0.000  14.000 0.000  14.000
BFK 0.239  4.611 0.256  4.444 0.108  11.844 0.102  11.967

GAGFL 0.017  6.939 0.001 7.011 0.019  14.076 0.007  13.933

DGP 2.1 LSGB 0.113  6.200 0.036  6.978 0.083  13.144 0.014  14.144
BFK 0.250  4.500 0.247  4.533 0.186  10.278 0.183  10.344

GAGFL 0.049  6.571 0.004  7.000 0.066  13.425 0.017  13.729

DGP 2.2 LSGB 0.088  6.332 0.067  6.378 0.031  13.822 0.009  14.111
BFK 0.254  4.456 0.256  4.444 0.179  10.422 0.178  10.433

GAGFL 0.153  5.836 0.144  5.756 0.130  12.000 0.097  12.459

DGP 2.3 LSGB 0.001  6.989 0.000  7.000 0.000  14.000 0.000  14.000
BFK 0.257  4.433 0.246  4.544 0.123  11.544 0.117  11.667

GAGFL 0.055  6.674 0.009  7.000 0.032  13.557 0.010  13.839

DGP 3.1 LSGB 0.083  6.367 0.036  6.956 0.071  13.789 0.032  14.167
BFK 0.263  4.367 0.249  4.511 0.109  11.811 0.101  11.978

GAGFL 0.002  7.022 0.002  6.983 0.024  13.755 0.012  13.892

DGP 3.2 LSGB 0.040  6.867 0.030  6.833 0.022  14.311 0.019  14.333
BFK 0.244  4.556 0.240  4.600 0.100  12.000 0.100  12.000

GAGFL 0.104  6.067 0.024  6.777 0.032  13.463 0.002  13.962

DGP 3.3 LSGB 0.007  7.067 0.004  7.044 0.015  14.300 0.008  14.167
BFK 0.232  4.678 0.226  4.744 0.100  12.000 0.100  12.000

GAGFL 0.019  6.824 0.001  6.988 0.013  13.812 0.002  14.000

DGP 4.1 LSGB 0.076  6.489 0.038  6.800 0.021  14.100 0.001  14.011
BFK 0.258  4.422 0.252  4.478 0.189  10.222 0.196  10.089

GAGFL 0.030  6.926 0.022  6.980 0.025  13.944 0.030  13.750

DGP 4.2 LSGB 0.030  6.767 0.000  7.000 0.001  14.011 0.000  14.000
BFK 0.250  4.500 0.239  4.611 0.135  11.300 0.114  11.722

GAGFL 0.081  6.306 0.032  6.969 0.090  13.452 0.034  13.798

DGP 4.3 LSGB 0.000  7.000 0.000  7.000 0.000  14.000 0.000  14.000
BFK 0.231  4.689 0.254  4.456 0.101  11.978 0.100  12.000

GAGFL 0.001  6.985 0.003  6.978 0.009  14.007 0.010  13.932

Notes: HD denotes Hausdorff distance and k is the average break point estimate.
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Table S.4: Misclustering frequency under a smaller break and more similar groups

N =100,T7 =10 N =200,T =10 N =100,T = 20 N =200,T7 =20

MFp MF 4 MFg MF 4 MFp MF 4 MFp MF 4

DGP 1.1 LSGB 0.035 0.061 0.026 0.055 0.003 0.010 0.001 0.010
BFK 0.057 0.019 0.049 0.021 0.006 0.003 0.005 0.003

GAGFL 0.003 0.003 0.002 0.002 0.000 0.000 0.000 0.000

DGP 1.2 LSGB 0.072 0.198 0.064 0.179 0.014 0.088 0.014 0.081
BFK 0.132 0.166 0.119 0.165 0.031 0.100 0.027 0.088

GAGFL 0.279 0.279 0.243 0.243 0.168 0.168 0.116 0.116

DGP 1.3 LSGB 0.019 0.057 0.016 0.053 0.001 0.009 0.001 0.008
BFK 0.051 0.096 0.053 0.091 0.003 0.031 0.002 0.029

GAGFL 0.090 0.090 0.048 0.048 0.011 0.011 0.006 0.006

DGP 2.1 LSGB 0.068 0.101 0.049 0.099 0.024 0.039 0.011 0.034
BFK 0.093 0.057 0.089 0.051 0.030 0.016 0.022 0.015

GAGFL 0.018 0.018 0.018 0.018 0.002 0.002 0.001 0.001

DGP 2.2 LSGB 0.227 0.381 0.228 0.377 0.086 0.307 0.066 0.290
BFK 0.291 0.363 0.302 0.353 0.135 0.257 0.116 0.245

GAGFL 0.391 0.391 0.386 0.386 0.302 0.302 0.277 0.277

DGP 2.3 LSGB 0.043 0.100 0.043 0.090 0.012 0.030 0.011 0.030
BFK 0.085 0.130 0.084 0.124 0.020 0.057 0.017 0.051

GAGFL 0.210 0.210 0.139 0.139 0.070 0.070 0.032 0.032

DGP 3.1 LSGB 0.074 0.079 0.052 0.091 0.018 0.035 0.010 0.027
BFK 0.084 0.060 0.075 0.058 0.009 0.019 0.008 0.018

GAGFL 0.001 0.001 0.001 0.001 0.000 0.000 0.000 0.000

DGP 3.2 LSGB 0.133 0.262 0.122 0.244 0.041 0.144 0.040 0.139
BFK 0.168 0.242 0.156 0.219 0.046 0.141 0.047 0.137

GAGFL 0.174 0.174 0.173 0.173 0.092 0.092 0.081 0.081

DGP 3.3 LSGB 0.051 0.161 0.047 0.140 0.008 0.045 0.007 0.048
BFK 0.076 0.146 0.070 0.137 0.007 0.062 0.008 0.058

GAGF 0.030 0.030 0.015 0.015 0.002 0.002 0.001 0.001

DGP 4.1 LSGB 0.034 0.051 0.026 0.053 0.004 0.012 0.001 0.008
BFK 0.058 0.019 0.053 0.018 0.006 0.003 0.007 0.002

GAGFL 0.003 0.003 0.003 0.003 0.000 0.000 0.000 0.000

DGP 4.2 LSGB 0.075 0.177 0.067 0.167 0.017 0.083 0.012 0.081
BFK 0.138 0.175 0.122 0.170 0.032 0.106 0.030 0.097

GAGFL 0.258 0.258 0.215 0.215 0.158 0.158 0.113 0.113

DGP 4.3 LSGB 0.020 0.050 0.018 0.049 0.001 0.009 0.001 0.008
BFK 0.050 0.094 0.053 0.096 0.002 0.039 0.002 0.040

GAGFL 0.070 0.070 0.046 0.046 0.013 0.013 0.005 0.005

Notes: MF g is the misclustering frequency before the break, and MF 4 denotes the frequency after the break.

MFgp = MF 4 for GAGFL, because this method assumes time-invariant group structures.
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Table S.5: Accuracy of break point and coefficient estimates: Alternative specifications of

break points, the number of groups, and common break (N = 100)

K = [0.6T | K = [0.8T| Gr'=GP =3 Common break

T=10 T=20 T=10 T=20 T=10 T=20 T=10 T=20

HD of break point estimates

DGP 2.1 LSGB 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
BFK 0.116 0.000 0.309 0.200 0.251 0.101 0.256 0.100
GAGFL  0.011 0.010 0.009 0.023 0.027 0.027 0.002 0.007
DGP 2.2 LSGB 0.034 0.001 0.074 0.012 0.000 0.000 0.000 0.000
BFK 0.126 0.073 0.347 0.236 0.230 0.103 0.238 0.127
GAGFL  0.128 0.134 0.244 0.185 0.098 0.039 0.068 0.032
DGP 2.3 LSGB 0.000 0.0000 0.000 0.0000 0.000 0.000 0.000 0.000
BFK 0.132 0.0000 0.305 0.2000 0.245 0.100 0.246 0.100
GAGFL  0.008 0.0089 0.015 0.0195 0.014 0.051 0.010 0.007
MSE of coefficient estimates
DGP 2.1 LSGB 0.019 0.009 0.020 0.010 0.316 0.099 0.012 0.009
BFK 0.039 0.015 0.060 0.026 0.599 0.131 0.133 0.063
GAGFL  0.022 0.009 0.022 0.010 0.101 0.021 0.017 0.012
DGP 2.2 LSGB 0.297 0.095 0.320 0.122 0.567 0.528 0.023 0.012
BFK 0.310 0.082 0.353 0.117 0.358 0.300 0.065 0.032
GAGFL  0.282 0.132 0.268 0.131 0.671 5.803 0.145 0.084
DGP 2.3 LSGB 0.017 0.010 0.017 0.010 0.323 0.113 0.016 0.009
BFK 0.073 0.015 0.099 0.063 0.679 0.229 0.167 0.084
GAGFL  0.259 0.215 0.171 0.112 0.744 9.432 0.436 0.398

Notes: The first two columns report the Hausdorff distance of break point estimates (upper panel) and the
MSE of coefficient estimates (lower panel) when a break occurs at k° = |0.6T|. The second two columns
report the same statistics when a break occurs at k° = [0.8T'|. The third two columns consider the case when
there are three groups before and after the break, and the final two columns consider a common break that
affects all units.

LSGB is the proposed Least Squares estimator for models with Group structure and structural Break. BFK
stands for the method by Baltagi et al. (2016), and GAGFL is the method by Okui and Wang (2021). Each

simulation is based on 1000 replications.
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Table S.6: Misclustering frequency before and after the break: Alternative specifications of
break points, the number of groups, and common break (N = 100)
T=10 T =20 T=10 T =20
MFp MF4 MFp MF4 MFp MF4 MFp MF4
kY = [0.6T] kY = [0.8T]
DGP 2.1 LSGB 0.013 0.008 0.001  0.000 0.004 0.213 0.000 0.005
BFK 0.032 0.214 0.001  0.000 0.028 0.244 0.000 0.206
GAGFL 0.003 0.003 0.000 0.000 0.005 0.005 0.000 0.000

DGP 2.2 LSGB 0.113 0.127 0.020 0.035 0.085 0.282 0.002 0.072
BFK 0.144 0.113 0.031 0.037 0.156 0.186 0.008 0.091
GAGFL 0.387 0.387 0.285 0.285 0.387 0.387 0.311 0.311

DGP 2.3 LSGB 0.014 0.014 0.001  0.001 0.005 0.169 0.000 0.004
BFK 0.036  0.308 0.001  0.001 0.029 0.438 0.000 0.403
GAGFL 0.078 0.078 0.012 0.012 0.134 0.134 0.026 0.026

GA=GB =3 Common break
DGP 2.1 LSGB 0.151 0.319 0.049 0.220 0.015 0.011 0.004 0.003
BFK 0.221 0.325 0.064 0.166 0.047  0.010 0.006 0.002
GAGFL 0.053 0.053 0.006 0.006 0.001  0.001 0.000  0.000

DGP 2.2 LSGB 0.131 0.332 0.046 0.241 0.020 0.099 0.001 0.024
BFK 0.186 0.372 0.061 0.309 0.049 0.115 0.003 0.054
GAGFL 0.509 0.509 0.295 0.295 0.164 0.164 0.044 0.044

DGP 2.3 LSGB 0.162 0.278 0.049 0.195 0.017 0.008 0.001  0.000
BFK 0.225 0.404 0.073 0.249 0.044 0.041 0.002 0.003
GAGFL 0.491 0.491 0.320 0.320 0.047 0.047 0.005 0.005

Notes: LSGB is the proposed Least Squares estimator for models with Group structure and structural Break.
BFK stands for the method by Baltagi et al. (2016). GAGFL is the method by Okui and Wang (2021)
which assumes time-invariant group structures, and thus its MF g = MF 4. Each simulation is based on 1000

replications.
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Table S.7: Accuracy of break point estimates in the presence of multiple breaks

N =100,T = 20

N =200,T = 20

N =100,T = 40

N =200,T = 40

HD  P(k = kD) HD  P(k = k) HD  P(k = kD) HD  P(ki = k)
DGP 1.1 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 1.2 0.008 0.903 0.001 0.987 0.000 0.987 0.000 1.000
DGP 1.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 2.1 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 2.2 0.079 0.583 0.033 0.763 0.040 0.783 0.004 0.953
DGP 2.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 3.1 0.314 0.333 0.253 0.555 0.129 0.602 0.053 0.621
DGP 3.2 0.065 0.610 0.030 0.756 0.015 0.832 0.020 0.851
DGP 3.3 0.165 0.745 0.120 0.618 0.016 0.645 0.015 0.582
DGP 4.1 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 4.2 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000
DGP 4.3 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000

Notes: HD denotes Hausdorff distance for the two break points and P(fcl = k%) represents the empirical

probability that the first estimated break point produced by the sequential procedure (151) equals the true

break point of a relatively break size (k7).

Table S.8: Computation time (in seconds) for one replication under DGP.1

# initial values

# initial values

N T 25 50 100 200 25 50 100 200
G=2 G=14

100 10 4.782  9.122 18.119 37.835 10.365 20.707  39.507  78.993

100 20 8909 17974 33.249 70.512 23.382 46.045 93.151  186.580

200 10 5.808 11.081 20.745 43.530 14.587 28.763  56.163 111.432

200 20 11.928 21.449 43.590 92.670 38.1567 74.361 147.869 295.126
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Table S.9: Estimates of sales growth regression: Gp =4 and G4 =5

Pre-break
Group 1.B>  Group 2.B> Group 3.B” Group 4.B’

LEV 2.862%** 0.520*** —0.162*** —1.259***

(0.654) (0.079) (0.037) (0.240)
TA —0.102 —0.325*** —0.160*** —0.712%**

(0.151) (0.036) (0.027) (0.092)
TQ 0.239 0.042*** 0.007 0.126***

(0.215) (0.013) (0.005) (0.033)
CF 1.526* —0.238*** —0.023 0.875**

(0.905) (0.103) (0.079) (0.446)
PPE 1.761*** —1.755%** —0.052 1.753***

(0.640) (0.163) (0.094) (0.329)
ROA —10.991***  —2.385*** —0.222%** —1.144%**

(1.534) (0.118) (0.065) (0.273)
No. firms 27 248 355 73

Post-break
Group 1.A’”  Group 2.A’ Group 3.A” Group 4.A’ Group 5.A’

LEV 0.629*** —0.095*** —0.688*** —0.916*** —0.013

(0.126) (0.036) (0.112) (0.123) (0.042)
TA 0.076* —0.217*** —0.237** —0.335%** —1.491***

(0.044) (0.030) (0.052) (0.050) (0.144)
TQ 0.204*** 0.018*** 0.033*** 0.422%** 0.002

(0.012) (0.004) (0.010) (0.042) (0.043)
CF 0.123 0.172*** —0.073 0.840*** —1.648***

(0.170) (0.071) (0.165) (0.222) (0.397)
PPE —1.0971***  —0.476*** 1.929*** —0.533*** —3.248***

(0.211) (0.125) (0.277) (0.206) (0.559)
ROA —3.096*** —0.318*** —2.068*** —4.862%** 0.503***

(0.157) (0.049) (0.153) (0.302) (0.120)
No. firms 151 274 132 111 35

Notes: LEV is leverage, TA is logarithm of total assets, TQ is Tobin’s q, CF is cash flow, PPE is the ratio of

property plant and equipment over total assets, ROA is return on assets.
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